Geometric Theorems

and
Postulates

This version is similar to the previously posted and
still available in the website listing a cross reference
with Geometric Standars for California. Both the
ones before the Common core and the Common
Core.

It is a work in progress and might have some errors
that will be corrected and we spot them.



Negation:

The negation is the negation of a statement

rn_Jrl

~p is No p” or negating ''p

An Angle is Rigth An Angle is Not Right

P —> P

An Angle is Not Right An Angle is Right

p —> ~p



http://www.mrperezonlinemathtutor.com/

Counter — Example:

Determine the validity of the CONJECTURE.If itis false give
a COUNTER EXAMPLE

Given:

Points A,B,C,D
B C

Conjecture: I:I

It is only possible to arrange A D
points in a square

False!

Counter — Example:

B C

/ \ It is possible to arrange
them in a trapezoid

A D




Conditional Statements or Propositions:

if ...then ... Where:
P = q p = hypotesis
if {p}then{q} q = conclusion
ifthen W here:
Converse: < qQ - P p = conclusion -
if{q}then{p} q = hypotesis
1 if ...then .. Where: A
Inverse: < P = ~q P = hypotes.ls X
if {~p}then{~q} q = conclusion
if ...then ... Where:

= conclusipn
Contrapositive: < ~q > ~p p p

_ q = hypotesis
N ift~q)then{~p} ~ = negation




Law of Detachment:

If {p — (] isatrue statement and P is true}then {q is true. }
General — Particular

frlsasirs e

1 1
then {S.A.=E-36-26.5+ E-36-3-x/§—>5.A.=15-nz810}

withP =36 andl = 265anda=3-vV3
If{SA=n-r’+mw-r-1}

then{S.A.=m-(3)2+m-3-2 >S.A=15-n} withr =3 and | =2

1 1
[A\ If {V=§-B-h}then {V=§°2'3—>V=2} withB =2and h = 3

If{S.A=4-w-r*}then{S.A.=4-w-(3)>2 >S.A.=36 -1} withr =3

4 4
If {V=§-1t-r3} then {V=§-1t-(3)3 —>S.A.=12-n} withr = 3



Law of Sylogism:.:
Ififpr—-q}land{q—-r1r} then{p -}

If {[__]— 2 pairs of | Sides } and { A parallelogram — 2 pairs of || Sides }

then{[_] - Aparallelogram}

If { ZABC - measures 60° } and { 0°< angle < 90° - An acute £}

then { ZABC — Acute £}

If { A kite — 2 pairs of consecutive sides =' s }
and { ABCD - 2 pairs of consecutive sides =' s}
then {ABCD - KITE}
Recall.
Transitive Porperty in Algebra: if {a = b}and {b = c} then {a = c}



Segments, lines and rays

Segment KM Line KM Ray KM

® ° € °

®
v

® ® >

K M K M K M

Segment Addition Postulate:

£ ® ® ® >

K L M

if {Point L is between points K and M in KM}
then {KM = KL + LM — KM = KL + LM}
Or
if (KM =KL +LM — KM = KL + LM)
then {Point L is between points K and M in KM}




Angle Classification Angle Pair Relationships

* k‘ B
60°
Acute Angle Right Angle = 90° Obtuse Angle 120°
0° < Angle < 90° 90° < Angle < 180° 60° "N
"B A

30°
Reflex or Concave Angle e T
'R 180° < Angle < 360° Supplementary Angles

msA + msB = 180°
Straight or Plane Angle = 180° C(}mplementa?"y Angies
; msA + meB = 90°

Angle Pair Relationships

D
) 500 130°
< L [ ] »
B A C
m£BAD + m«CAD = 180°
£BAD = ¢CAE & ¢DAC = ¢EAB Linear Pair:
_ Supplementary Angles
Vertical Angles: Adjancent Angles
OppoSite by the Vertex

Congruent Angles Common Ray AD




Angle Pair Relationships in |[Lines
Cut by a Transversal

Triangle Clasification by Angles

Corresponding Angles
21 =245
22 =76
23 =217
24 = /8
Alternate Interior Angles
23 =16
24 = /5

Y

\

Alternate Exterior Angles
21 = /8
22 =17

Same Side Interior Angles or Consecutive Interior Angles
ms3+ms5=180° & mz4+ms6=180°

40°
140°
60° 80°

Right Triangle:
One Right Angle

Acute Triangle:
All Angles are Acute

Obtuse Triangle:
One Angle is Obtuse

Partes de un Tridngulo Recto

Triangle Clasification by Sides

S

=

S = 30 =

o % ~J \“f.a

3 @ 2 =

= = S ®,

S G N =

O 1Y %
Angulo Right
Recto Cateto Menor Angle Short Leg

DA

Isosceles Triangle:
At Least Two
Congruent Sides

Equilateral Triangle:
Three Congruent Sides
e Also Equiangular

Scalene Triangle:
All Sides Dif ferent




Parts of a Isosceles Triangle

Exterior Angle Theorem

Vertex Angle Vertex A”gle
-
s 2
Base Angle Base Angle Base Angle N Base BaseAngle
Base
All equilateral triangles are but not all isosceles

triangles are equilateral.

21 & 22 — Remote Inteior 2's

¢£3 - Interior No Adjacent 2
to Exterior £

24 — Exterior 2

Exterior Angle is Equal to the Sum
of Its Two Remote Interior Angles
ms4 =msl +ms2

Interior Angle Sum in Triangles

msz1 +mzs2 +mzs3 = 180°




m/H +~m/I +~m/J +m/K +~m/L =540°
m/H + (m/LIH +m/KIL+mZJIK)+mZJ + ( mZLKI +mZIKJ)+ (mZHLI + m/ILK) = 540°
100.9° + (44.8° + 82.6° +47.8°) 4+ 84.6°+ (47.6°+72.1°) + (75.8° + 84.4°) = 540°
(100.9° + 44.8° +34.4°)+ ( 32.6°+75.3° +72.1°) + (47.6° +84.6° +47.8°) = 540°
(180°) + (180°) + (180°) = 540°
H L K

A A KA

B
mlA +msB +m/C = 180°

58.7° +71.1° +50.2° = 180°

msLD +m4ZE +m4ZF +m/ZG = 360°
m/D + (m{GED +~m/FEG)+ m/F + (m/ZDGE +m/ZEGF) = 360

S = Interior Angle Sum in Polygons i , A }
— (Number of Triangles) - 180° 65.7° + (56.9° +57.3°)+ 71.1° + ( 44.4° + 64.5°) = 360°

(65.7° +56.9° +57.3°) + (71.1° 44.4° + 64.5°) = 360°
Number Triangles = Number Sides — 2
nzlilgumberSides 180° +180° = 360°

G G
S= (n—2)-180° A A

Proof of the Sum of Interior Angles in Regular
and Irregular Concave Polygons




Triangle Congruence
Theorems and Postulates

Triangle Clasification by Angles

T T

AABC = ADEF
by Side — Side — Side or SSS AABC = ADEF

by Angle — Angle — Side or AAS

T [ .

AABC = ADEF
by Angle — Side — Angle or ASA AABC = ADEF

by Side — Angle — Side or SAS

A D A D
B CE ' F B! C .

AABC = ADEF
by Hypotenuse Leg or HL

AABC = ADEF
by Hypotenuse — Angle or HA

A D A D
B CE = F B ~ CE t—F

AABC = ADEF
by Leg — Angle or LA

AABC = ADEF
by Leg — Legor LL

Triangle Inequality

Triangle Inequality: Ordering Angles

a<b+c

b<a+c

c<a-+b

if fa>b>c}

C then

{mszA > m«B > m«C}




Triangle Inequality: Ordering Sides

if {mszA > msB > m«C}
B

/\ then
c

C b A

{a>b>c}




Similarity in Triangles

B’
Corresponding Sides are i P
Proportional bf
or C' -
in Proportion
(@’ b "
T "o n / ! ~ 4 ]
If a (I,)r ¢ . & Lg, ~ Ag" Corresponding Angles
an bn cu LC, ; / C" Congruent
\a’ b (')
Then
{AA'B'C'~AA"B"'C"} The Converse is also true

~ = Similarity Symbol



Proportional Reasoning and Similarity in Triangles

Side—Side—Side or SSS ~

Angle — Angle ~

filzb_lzc_’\ Then ( {LA'ELA}\
If < a" b" C" > LB, E A B Then
or LA =2 A I DIt 1ol A1
n ~ b" ~ C" AAIB’C,~AA,’B,,C” If < OT{ C ~ , C } {AA BbC Nﬁljl E C }
s by SSS ~ {BELB} Y
" N (e =2c) )
@ =l A N _ N ) ¢ o
“\a‘f a‘A‘F a,bAl DA.
¢ L 7 a
c" > c b
.
The converse is true as well The converse is true as well
: . Two Sides Connected at Midpointin a A and
Side—Angle=Side or SAS the third one || to this.
( A T B B D y E are midpoints
it I If of
b " 4" —_ -
Jor ¢ 7 BC and DA
If < a c > c" D E L
P = o Then DE || CA
and {AA’B’C’~AA”B”C” } . ., Thend  and
I ~ n ~ 1
\ 2B’ =~/ B") by SAS DE = =CA

The converse is true as well

The converse is true as well 2




Proportional Reasoning and Similarity in Triangles

Porportionality in several || lines cut by transversals

Proportionality in two sides in a A joined by a segment ||

to the third side.
o (AB || CD ) B o
ind If {DE || CA}
CD || EF ¢ f g
and D g Then
\ AB || EF J k

k h
Then {— = —,}

l
The converse is true as well

c 4 f_9
ik

The converse is true as well

Medians B’D’ and B"D" in similar triangles are
are propotional to the sides.

Altitudes or Heights B'D' and B"D"
in similar triangles are

’ are propotional to the sides. 5. __.»
'*-:-1-155555{{{::::1:"'%‘*’ ****** : o -—-:::::::-_;""A’ """" oy
If {AA'B'C'~AA"B"C"} CD D" If {AA'B'C"VAA"B"C} CD £
are A's ~ Smaller: Larger areA's ~ Smaller: Larger ‘
A'B’ _ B'C’ _ C'A _ B'D' A'B’ B'C’ C'A’ B'D’
AIIB" - BHC" - CIIA" - B"DH A"B” B"C" C"A" B”D"
Then or Then or
A"B" B B"C" B CIIA" B B"D" A"Bll B"C" CHAH BHDH
A'B" B'C C'A B'D A'B" B'C C'A B'D

Larger: Smaller

Larger: Smaller




Proportional Reasoning and Similarity in Triangles

Angle Bisectors B'D' and B"D" in similar triangles are
are propotional to the sides.

Perimeters

a +b +c

in similar triangles are are propotional to the sides.

and a"+ b" + "

_B’_E___-—"'—___ ""_—_
,__,,___‘{_:_Iif_':,___
I S
C' Teeal
AA'B'C'~AA"B"C"
1 .
f { e } Smaller: Larger

A'B’ _ B'C’ _ Cc'A _ B'D’
AIIBH - BIICII - CIIAII - BHDII
Then or

A"B" B BHC" _ C"A" _ B"D"
A'B" B'C C'A B'D

Larger: Smaller

A'B" B'C' C'A d+b+c

) A—"»»_»
b’

HE {

Smaller: Larger

AA,B,C,""AA"B"C"}
are A's ~

AnBu - BIIC" - C"A" - an n bn n Cn

Then

or
A"Bll B BHCH B C"A" B all + bll + C"
A'B' B'C C'A da+b+c

Larger: Smaller

Segments Formed by Angle Bisector from
One Vertex in Opposite Side are Proportional
to Corresponding Adjacent Sides

Special Segments, Lines, Rays in Triangles

CD BC
A DA BA

Angle Bisector

B

Median

p Altitude or Height

B A
A D
A C
D
C D
c

Perpedicular Bisector

B
A
D
C




a  Altitude to the Right Angle and Similarity The highlighted proportions

B involve geometric means;

A B knowing that the product of
the means equals the
product of the extremes, we

C A derive the three geometric
D mean theorems associated
with the altitude to the right
B C D B D C angle.
AABC~AADB AADB~ABDC AABC~ABDC
AB AC AD AB AB _AC
AD ~ AB DB BC BD  BC
AB  BC AD DB 4B _ BC
AD ~ DB DB DC BD  DC
AC BC AB DB A€ _ B
\AB_DBI . BC DC | BC DC
| | |
AB AC AD DB ac 8¢
D = 1B DB DC BC DC
AB? = AC - AD DB? = AD-DC BC?> =AC-DC

The geometric mean of the longer The geometric mean of the The geometric mean of the shorter
leg is equal to the product of the  altitude to the right angle is equal leg is equal to the product of the
hypotenuse and the adjacent to the product of the segments of hypotenuse and the adjacent
segment of the hypotenuse formed the hypotenuse formed by the ~ segment of the hypotenuse formed
by the altitude to the right angle.  altitude to the right angle. by the altitude to the right angle.



Right Triangles: Pythagorean Theorem

Pythagorean theorem

Pythagorean theorem Acute A's

B
c* = a® + b?
c Ic| =+ a? + b2
a
¢ = ++/ a2 + b2
c b A

(=) No sense here

Pythagorean theorem Obtuse A's




Right Triangles: Trigonometry

Trigonometry: Right Triangles

Trigonometry
Reference Angle Bold text used at higher levels
® — Reference Angle ® — Reference Angle Y — Reference Angle
a - Opposite Side a b b a
b - Adjacent Side SinA4 = Z cotd = — sinB = — cotB = E
% — Reference Angle a ¢
b - Opposite Side b _€ _a _ ¢
a - Adjacent Side COSA:E secA—b cosB—C secB—a
a C b C
, A tanAzz cscA=E tanBza CSCBzz
Trigonometria: Triangulos Rectos
B a,B,v,06,0 — It is common to use them as angles.
' ] Adjacent Side
Cing = Opposite Side cot§ = J . _
C Hypotenuse Opposite Side
a Adjacent Side _ Hypotenuse
cos 6 = secH = - -
Hypotenuse Ad]acent Side
0 an g = Opposite Side s = Hypotenuse
c b A = Adjacent Side Opposite Side




Right Triangles: Trigonometry and Similatiry Link
Establishing the similarity of triangles that have congruent corresponding angles and
corresponding sides that are proportional, or relating this to trigonometric ratios or

trigonometry. Similarity Proof
sin(53.1%) =16 24 _32 _40 _4 997
20 30 40 50 5
cos(53.1°) 23 % _ % - % g 6004
tan(53.1°) —g —i—z —% —% —§~ 1.332
cot(53.1°) =1—2 =§ =% =% =;z 0.7508
sec(53.1°) =g =% =:—2 =§—g =g~ 1.666
csc(53.19) =2 =§ =g =i—g =Z= 1.25

AllA’s are (~) by AA ~ ‘




Right Triangles: Trigonometry and Similatiry Link

Trigonometria de Triangulos Rectos 'y (~)

Conceptual relationship
between trigonometry and
similarity

F AABK~AAC]~AADI~AAEH~AAFG

All embedded triangles are similar.
30° - 60° — 90°

Scalene right triangles.

They all yield the same numerical
value for each of the six trigonometric
ratios (angle-to-ratio) and all produce
the same corresponding angle (ratio-
to-angle).

Angle to Trigonometric Ratio

Trigonometric Ratio to Angle

sin(30°%) = 0.5
cos(30°) =~ 0.87

tan( 30? ) =~ 0.58

sin"1(0.5) = 30°
cos™1(0.87) = 30°
tan~1(0.58) =~ 30°




Similarity vs Homothety: Enlargements and Reductions
Perfoming an elongation by a factor of 8 with center of dilation at point M

Mg R R




Similarity: Establishing Extended Proportions and Corresponding Angles =’ s

1
Lastproblem we proved how to geta fractional dilation with a scale of 1: = with centerof

1

Lastproblem we proved how to geta fractional dilation witha scale of 1: - with centerof WA > s , o . A .

dilationT. Nowlet" th imil ith ding sid rtionaland SL|* dilationT. Nowlet sprovetheyaresmllarWltl}correspondmgstde;propomonaland

flation 1. Nowletsprovetheyaresimilarwith corresponding sides proportionalan corresponding angles congruent (Angles are with the same orientation)

corresponding angles congruent (Angles are with the same orientation) YA Y

| I [2\13 B : )
6 units 2 units 3lunits B’ 1 ynit ! b unjts 2 ynits Sunits B'1 unit

A A A R e bt i T ATl

] i {iok

i ; | | | Vi
. : ! 5 units 2 .

: | &
g | VT :
4 i . =
5] i1 V6 i‘ =

a i ! ! ! K

; Y i 3|2

i e i 171

; V102 + 62 | Larger to Smaller or Reduction

: V136 f{p2 422\ | Recall: Pythagorean Theorem = % 3U=434 i |

i 234 10%+2 : T I I 1 m\ V34 3% V26 =vVI6 | 4=4 1

' ] MLo4 ‘\x; 2 _| 2, 12 c pRITL! 213434 21+/26 26— 8[+4—2

j 2V26 i i s il O " - e

. C ;
A 8 units e A 8 units Scale:1:5 | Scale Factor is 5
¢=~/a“+b
b

Thisproves-that thesides-are proportionat—

1
Lastproblem we proved how to geta fractional dilation with a scale of 1: =with centerof

dilationT. Nowlet’s prove they are similar with corresponding sides proportional and
corresponding angles congruent (Angles are with the same orientation)

6 units 3units B 1 unit

e ST e e |

5 units

y‘l,

10 units

e S e B e

[

10 units
BEINTT
Smaller to Larger or Enlargement
23434 226+ 26 [ B4
VB4 3h | 26426 | 4E4l

|

o

i AN A I NN A N A
Scale:1:2  Scale Factor is 2

=

8 units

Thisproves-that thesides-are proportionat—

1
Lastproblem we proved how to geta fractional dilation with a scale of 1: —with centerof
dilationT. Nowlet’s prove they are similar with corresponding sides proportional and
corresponding angles congruent (Angles are with the same orientation)

U

2 units 3units B 1 ynit

6 units

'
'
'
'
'
'
'
'

5 units;

5 units

10 units

10 units !
A

4 units

Since we have proven than they have
corresponding sides proportional and
corresponding angles congruent then
we may state that they are similar
triangles.

A 8 units

At the last slides of this lesson, you will find how to prove
corresponding angles congruent using Law of Cosines and

T anr afCinnac ar an anmichmant avkancinn

AABC~AA'B'C’




Similarity: Homothety from a center of homothecy or dilation for special triangles

Several instances of a
special triangle

45° — 45° —90°
using a center of
homothety, distinguishing
between enlargement and
reduction, and presenting
cases of congruence and
similarity

Isosceles Right Triangle 45°

— 45 — 90°

1
1: 5 — Scalefor Reduction

REDUCTION RANGE: 2.02

1=Pre—image-:u<image <1
= C
gd5
101\ E" .
= " 1.43= 1.01v22,02
P (AP
A e 0T g

1
1:_ — Scalefor Reduction

ENLARG!

B

Ina 45° - 45° — 90° triangle, the hypotenuse is .-~
x-\2 times as long as any of the congruent legs x.

Scalene Specigl)cRight Triangle 30° — 607 — 90°

REDUCTION RANGE:
1= Pre — image : 0 < image < 1
D"

1.01 30°..
[l ;874 1.01 = 0.5-v34-Ys
4.0 0 g0
A T 0.5 B"GO

1
1: . — Scalefor Reduction

In a scalene special right triangle 30 - 60 - 90 the
hypotenuse is twice the length of the shorter leg and

the long leg is square root of three times the short leg.

DRAG'ME

Several instances of a
special triangle

30° — 60° —90°
using a center of
homothety, distinguishing
between enlargement and
reduction, and presenting
cases of congruence and
similarity




Scale factor in Similarity or using it in non-congruent transformations

' RARE It is necessary to take into
e e account that making dilations

ﬁ y of line dimensions is different
of doing it of area units or

volumen units.

Special considerations need to

be done if we are going to use

as scale factor linear, area or

x  volume units

3
2x2x2=2"=§

2 CUBED

Enlarging by a Factor of “a” Enlargements or reductions of a line,
an area, or a volume need to be done
as indicated in the left. You multiply
by the factor of enlargement to the

Linear Units =  Multiply by a

. . 2
Area Units 9 Multiplyby a first power for linear units, to the
. . 3 second power for areas, and to the

z Volume Units > Multiplyby a third power for volumes.

g o—e 21Li Units o——o—e 2x2=4

A= inear Units = —

= 2 Linear Units > ZREE

g

SO ax2=22=4 4x4=4*=16

o 5> 4x2'=16
2 SQUARED 4 SQUARED

3
4 dxdxd =4 =
12x2=2"=3 64
= L 4 CUBED > 8x2% =64
) 2CUBED ’
= 4

«T» JOa010E B Aq Syudwagdie[uy

Volume




Angles of Depression and Elevation used in Word problems for Trigonometry

ANGLE OF
DEPRESSION

ANGLE OF
ELEVATION

Angles of Depression and Elevation are Alternate
Interior Angles and they are congruent.

Isosceles Special Right Triangle: 45° — 45° — 90°
Scalene Special Right Triangle: 30° — 60° — 90°

2-X 60°

30°

x-V3

Ina 30°—-60°—90°triangle, the hypotenuse
is twice as long as the shorter leg 2 - x and the longer

leg is x-V3 times as long as the shorter leg.

X

Ina 45° —45° —90° triangle, the hypotenuse
is x -2 times as long as any of the congruent
legs x.




Polygons: Areas

Area of a Triangle

A=

/l\

Where:
A = Area
b = Base
h = Altitude or Height

b

Area of a Parallelogram

b b b b
1 A—1 b-h = b-h
A=—=-b-h+=-b-h Where: _2. +2.
Where: 2 2 - 1 1
A = Area PR L N A =Area A:b-h<§+§>=b-h
b = Base - 2 2 b—Ba.s:e _
h = Altitude or Height A=b-h h = Altitude or Height , _ }, p




Polygons: Areas

Area of a Trapezoid

e b, o by A = Area 1 1
h 1
b, A=E-h(b1+b2)
b, b,= Minor Base

— y 1
b,= Major Base M = Median M=E.(b1+b2)

Area of a Regular Convex Polygon (True for all)

AV, AAAAMA

a= et tma il
= A4=3 2 2 2 2 2

/'l‘ -
N_b 1 1
b —>A=E-h(b+b+b+b+b+b)=§-P-h
ZB b

; . . . nLn 1
— Equilateral A with Side "b Area==-P-a

Perimeter pegular convex Polygon b If {Regular Convex Polygon} 2
P=b+b+b+b+b+0b then {h = height - a = Apothem}




Rhombus Area:

A Area Formula: —
1
A==.p.
> b-h 4
Rhombus
e
d,
2
o | «—>»|
dq

1
A=§'(d1'd2)

Where:
A = Area
d, = Large Diagonal

d, = Small Diagonal



Area Circle: Performing succesive equal

A=m- 1"2 area sector partitions and rearranging:
Perimeter of a ©: -7
P == 2 T /\
Semi — Perimeter: r

/Z/°T[°T'

== <

T-Tr
T T T e e S T
— T S
T-Tr
Area Parallelogram: —_
The limit of generating progressive Arw=hb-h=m-1r*=A¢

partitions in the circle of equal area
sectors is a parallelogram. b=m-r



Solids: Surface Area and Volume

Perimeters Review

Solids

I

l X
P=l+w+l+w P=y+y+x p=8x
P=2-1+2-w P=2-y+x

X
X
X
p=6=x p=>5x p=4x

PYRAMID

CYLINDER CONE SPHERE

Volume in Cylinders

2-m-r)-h h

Lateral Area:
LA=2-m-r)-h

Total Surface Area:
S.A=LA+2-B
SA=Q2-w-r)-h+2-7w-r?

Base Area:

B=m- r?

r = radius
h = height or Altitude

RIGHT CYLINDER
V =Volume B=m- 12

V = Bh
V=(m-r2)-h b
y
@

Base Area:
B=m- -r?
r = radius

h = height or Altitude




Solids: Surface Area and Volume

Tpes of Pyramids

Types of Prisms

HEXAGONAL

RECTANGULAR

PENTAGONAL

OCTAGONAL

TRIANGULAR
PRISM

HEXAGONAL
PRISM

|~

|+

RECTANGULAR PENTAGONAL

PRISM PRISM

OCTAGONAL CUBE
PRISM

Surface Area in Prisms

Volume in a Right Prism

base

Lateral Area:

L=ah +bh +ch +dh +eh +fh
L=(a+b+c+d+e+f)h
Perimeter of base:

P=a +b+c+d+e +f
Substituting
L=Ph

a e
a b c d e f

b E d

a e
f

Total Area= Lateral Area + 2 Base Area
T=L+2B
T=Ph+ 2B

Where:
P=perimeter
h=height

B= base area

L= lateral area

vy

\

P

/

<<

B= Area of the base
h= height




Cone's Surface Area: Area of Circle

Base Area Circle (Containing Lateral Area)

T 12

Total Circumference
(Containing Lateral Area)

2-1m-1

T~ /
¢ 7.[.7.2.—\,
~ Tr -

~————_—

Circumference of Cone’s Base
f 2. fr Cone's Lateral Area

(area of sector)

Cone's Lateral Area _ Cone's Base Circumference
Total Area Circle N Total Circumference The proportion to
(Containing Lateral Area) (Containing Lateral Area) start the proof uses
the circle containing
C / the lateral area
one's Lateral Area 2T -r Total Surface Area:
N2 - . .
”\l\ z/ﬁ \l\ S.A.= Circle Base Area + Lateral Area
Cone's Lateral Area SA=mw-r’+m-r-1 r = Radius
-l =T B = Circle Base Area

[ = Slant Height

! — o o
Cone's Lateral Area=m-r-1 h = Height or Altitude



Comparing volume of a cylinder and a cone with the congruent bases and same height:

Cylinder Volume:
V=B-h

W here:
IV = Volume

B = Area Circle Base
h = height

Cone Volume:

Volume of a cone V=1-B-h
fits three times in the 3
volume of a cylinder with Where:
congruent circles at V = Volume
their bases and same height. B = Area Circle Base

h = height



Surface Area in Pyramlds Lateral Area made up of Isosceles A's

\A\ /‘Perimeterhexagon (convex polygon)

P=b+b+b+b+b+b
Lateral Area ,yramid:

[
LA—1lb+1lb+1lb+1lb+1lb+1lb
T 2 2 2 2 2 2
1

1
> LA=5-1-(b+b+b+b+b+b) =3Pl

:
A A Base Area pexagon:

—> B—1 b+1 b+1 b+1 b+1 b+ b
B R R R L T R R
1
i ‘ﬁ “ - B==-a-(b+b+b+b+b+b)
, 2
a = Apothem 1
B=—=-P-a
1 2
L.A. = > Perimeter - Slant height
L A= 1 P Total Surface Area ,yamid:
2 S.A.= Lateral Area + Base Area
B = Base Area o : o 1 1
_ equilateral A's are —~.Pp. . p.
[ = Slant — height isosceles but not all isosceles 5.4. 2 P-l+ 2 P-a
h = height or Altitude A's are equilateral A's .




Comparing volume of a prism and a pyramid with the congruent bases and same height:

Prism Volume:
V=B-h

W here:
V = Volume

B = Area Base Polygon
h = height

Pyramid Volume:

Volume of a pyramid V= 1 .B-h
fits three times in the 3
volume of a prism with Where:
congruent polygons at V =Volume
their bases and same height. B = Area Base Polygon

h = height



SPHERE FEATURES

SPHERE
Secant

Minor Circle

Diameter
major chord)

Major Circle

Tangent d=2-r
or
1

rzi-d

Sphere Surface Area:
SA=4-m-r?
mer Where:

Sphere Volume: S.A.= Surface Area
V:f.n.r-?' V =Volume
3 r = Radius

d = Diameter



Inscribed Angle vs Central Angle and Arc vs Subtended Chord to Arc

Vertexis onthe (©
Rays are chords in (O

~ £KML - Inscribed Angle = {
g

KL - Intersected arc with subtended chord KL

L
£ZKOL - Central Angle = {

Vertex on center of ©
Rays are Radiiin O

s/ KOL = mRL — {measurement of central 2 is equalto }

measurement of interseced arc

K

N

If{an angle is inscribed in a circle}

then { the measure of the angle equals }

one — half the measure of its intercepted arc.

1
mLKLM = EmKL



Arc’'s Length vs Arc's Angular measurement

Arc's length is determined by the proportion
0° ) of its angular measurement respect

the total degrees in the circumference.
Angular units may be in Degrees or Radians

Arc's L th=2-w-r-
rc's Leng T-T <3600

o O

F e

mFO = 130° - Angular measurement for FO

W F0=2.7-12 1309
—en 3600

50°

60° Fe

70° AT 0 =
mEN = 130% - Angular measurement for EN

EN=2-7-10 1307
—an 3600

> — linear units for FO

o N

) — linear units for EN

* M

D e

mDM = 130° - Angular measurement for DM

0] —
DM=2-m-8- (;280) — linear units for DM



Circles: Arcs,Chords,Secants and Tangents

Two Chords Intersecting in a Circle

E
A

‘ ED-DB =FD-AD
F

B
If {Two chords intersect in a circle}

The product of their corresponding segments
then . .
formed by the intersection are equal

Two Secant Intersecting in a Point at the Exterior of a Circle

A

AD - DE = BD - BF

F B

If {Two secants intersect in a point at the exterior of a circle}

The product of the secant’s length by the length of its exteror
then | correspondintg segment is equal to the product of the other secant's
length by its corresponding exterior segment length




Circles: Arcs, Chords, Secants and Tangents

Two Tangets Intersecting in a Point at the Exterior of a Circle

E

ED =FD

ED 1 EC
D ang_
FD L FC

F

If {Two tangents intersect in a point at the exterior of a circle}

T o~ 1 ]
then { hey are = and they are 1 at the point of}

tangency with their corresponding radii

A Tanget and a Secant Intersecting in a Point at the Exterior of a Circle

B

AB? = AD - AE

E D

f A tangent and a secant intersect in
a point at the exterior of a circle

the product of the secant’s full length by its exterior

The square of the tangent's length is equal to
then
segment's length




Circles: Arcs, Chords, Secants and Tangents

A Secant and a Tangent Intersect at the Point of Tangency

N L M
«—9 ¥ 99—
1
msKLM = EmKL
_ 1
0 K msKLN —EmKOL

If {a secant and a tangent intersect at the point of tangency}

then { the measure of each angle formed is }

one — half the measure of its intercepted arc.

Two Secants Intersect in the Interior of a Circle

1,
mZQRP = 5 (mST + mQP)

If {two secants intersect in the interior of a circle}

the measure of each angle formed is
then one — half the sum of the mearures of the arcs
intercepted by the angle and ists vertical angle.




Secant and a tangent

msTQR = % |/mSR — mTR|

Two secants

Two tangents

1, _ 1, _
m.LKM = - ImLNM — mLM| m/BAC = = |mDE —mBC

If two secants, a secant and a tangent, or two tangents
intersect in the exterior of a circle

( the measure of the formed angle is )
the absolute value ofone — half the

dif ference of the measuresof the intercepted

\ arcs or their positive semi — dif ference. )

then -




If {£ADB and +BEA intercept AB}
then{<ADB = +BEA}

circles intercept congruent arcs, or the same arc
then { The angles are congruent }

Two inscribed angles of a circle or congruent }

A set of O s sharing the same

center are CONCENTRIC and
all O's are ~
since they have same shape and
equal size or dif ferent Sizes
a:b
wherea # bor a = b and "a" and "b" are radii
if {a = b} then {they are ~ and =}
if {a # b} then {they are only ~and %}



A B Inscribed vs Circumscribed

Quadrilateral ABCD is inscribed to circle P.

D C
R
g
Line g is TANGENT to circle X at point R.
E K F
| l Quadrilateral EFGH is circumscribed

N to circle Q, having sides to be

| L TANGENT at points K, L, M and N.
H G



Exterior Sum = 72° + 72° + 72° + 72°% 4+ 72°
Exterior Sum = 360°
Interior Sum = 108° + 108° + 108% + 108°% + 108°

Interior Sum = 540°

Irregular vs Regular
(convex polygons)

66.6° -
95.6°| 84.4°

113.4°

Irregular
114.3°

108°
Regular

142.3° 74 5o

105.5°

Exterior Sum = 65.7° + 66.6° + 84.4° + 105.5° + 37.7°

Exterior Sum = 360°
Interior Sum = 114.3° + 113.4° +95.6° + 74.5° + 142.3°
Interior Sum = 540°



( Extending the sides of a polygon )
beyond the intersection endpoints

U of consecutive sides the extending lines  then titis a Concave Polygon]
\go through the interior of the polygon )
A /71 Convex Polygon

V!
% i
1

Concave Polygon

( Extending the sides of a polygon )
beyond the intersection endpoints

If { of consecutive sides the extending lines ; then {It is a Convex Polygon}
do not go through the interior of

\ the polygon )




Circles: Arcs, Chords, Secants and Tangents

Theorem about arcs and Chordss and its converse

! If {Ina(®orin(® =' stwo arcs are =}

{The arcs to which they are}
then
subtended are also =
The arcs to which they are}

|
/ kK 1 { subtended are also =
then {In the Qorin®='s two}

N chords are =

Theorem about arcs and Chordss and its converse

L If Ina®orin(® =’ stwo arcs are =}

, {The subtended chords}
then
are also =

Si{{ln a(@Oorin(® =" stwo chords are ":"}}

N K The arcs to which they are}

entonces {
subtended are also =

if {LM = NK} then {LM = NK} or if {LM = NK} then {LM = NK}




Theorem about a Diameter or Radius Intersecting a Chord in a Right Angle

ina(® achordis perpendicular}
to aradius or diameter

|

both the chord and the arc to which
then {the chord is subtended are bisected by the }
radius or diameter.

"

the chord is subtended are bisected by the

{ both the chord and the arc to which }
if
radius or diameter.

K then {in the O the chord is perpendicular}

to the radius or diameter

if {K] LLN}then{NM =1M y NJ = Lj}
o
if (NM=IM y Nj=Lj}then{{K] LLN}}




180° =n

. o _ o, . o T
2-180% = 2 - w Radians 1800 180°

360° = 2 - Radians ¢ 3.14 _
y 1° = —— =~ 0.018 Radians
360° = 2 - Radians 180

2 2
180° = m Radians

v 57.3° =1 Radian



2-m=2-3.14 = 6.28 Radians

3¢ Radian. /
1st Radian

A

Radius 4:0.28 Radian

4" Radian\y

g 6t Radian
5" Radian

/

Length = RADIUS

/

M



P Minor arcs, Major Arcs and Semi — Circle

The measure of a minor arc is the measure
160° of its central angle.

/PCM = 160° > mPM = 160°

M p The measure of amajor arc is 360° minus
the measure of its central angle.
£PCM = 160° > mPUM = 3609 — 160°
mPUM = 200°
U

M Q

The measure of a SEMICIRCLE is180°

mSQR = 360°



Arc Addition Postulate:

mKM = mKL + mLM

The measure on an arc formed by two adjacent

arcs is the addition of the measures of the two arcs.
M



0.0000 1.0000 0.0000
1l 0.0175 0.9998 0.0175
2 0.0349 0.9994 0.0349
3 0.0523 0.9986 0.0524
4 0.0698 0.9976 0.0699
5 0.0872 0.9962 0.0875
6 0.1045 0.9945 0.1051
7 0.1219 0.9925 0.1228
8 0.1392 0.9903 0.1405
9 0.1564 0.9877 0.1584
10 0.1736 0.9848 0.1763
11 0.1908 0.9816 0.1944
12 0.2079 0.9781 0.2126
13 0.2250 0.9744 0.2309
14 0.2419 0.9703 0.2493
15 0.2588 0.9659 0.2679
16 0.2756 0.9613 0.2867
17 0.2924 0.9663 0.3057
18 0.3090 0.9511 0.3249
19 0.3256 0.9455 0.3443
20 0.3420 0.9397 0.3640
21 0.3584 0.9336 0.3839
22 0.3746 0.9272 0.4040
23 0.3907 0.9205 0.4245
24 0.4067 0.9135 0.4452
25 0.4226 0.9063 0.4663
26 0.4384 0.8988 0.4877
27 0.4540 0.8910 0.5095
28 0.4695 0.8829 0.5317
29 0.4848 0.8746 0.5543 3.7321
30 0.5000 0.8660 0.5774 4.0108
31 0.5150 0.8572 0.6009 4.3315
32 0.5299 0.8480 0.6249 4.7047
33 0.5446 0.8387 0.6494 5.1446
34 0.5592 0.8290 0.6745 5.6714
35 0.5736 0.8192 0.7002 6.3139
36 0.5878 0.8000 0.7265 7.1155
37 0.6018 0.7986 0.7536 8.1446
38 0.6157 0.7880 0.7813 9.5147
39 0.6293 0.7771 0.8098 11.4305
40 0.6428 0.7660 0.8391 14.3014
41 0.6561 0.7547 0.8693 19.0824
42 0.6820 0.7311 0.9004 28.6392
0.7071 0.7071 1.0000

Trigonometric
values from
tables first
quadrant




ANGLE COSINE [TANGENT] ANGLE SINE COSINE | TANGENT
0 1.QD00 0.0000 46| 0.7193 0.6947 1.0855
1 0.9098 0.0175 47] 0.7314 0.6820 1.00 24
2 0.9094 0.0349 48| 0.7431 0.6691 1.1 06
3 0.9086 0.0524 49| 0.7547 0.6561 1.1504
4 0.9976 0.0699 50| 0.7660 0.6428 1.1918
5 0.9962 0.0875 51| 0.7771 0.6293 1.2849
6 0.9045 0.1051 52| 0.7880 0.6157 1.2099
7 0.9925 0.1228 53] 0.7986 0.6018 1.3
8 0.9903 0.1405 54| 0.8090 0.5878 1.3)64
o 0.9877 0.1584 55| 0.8192 0.5736 1.4882
10 0.9848 0.1763 56] 0.8290 0.5592 1.4826
11 0.9816 0.1944 57| 0.8387 0.5446 1.5899
12 0. 0.2126 58| 0.8480 0.5299 1.6003
13 0.9744 0.2309 59| 0.8572 0.5150 1.6543
14 0.9703 0.2493 60| 0.8660 0.5000 1.7
15 0.9659 0.2679 61] 0.8746 0.4848 1.8
16 0.9613 0.2867 62| o0.8829 0.4695 1.8807
17 0.9563 0.3057 63| o0.8910 0.4540 1.9526
18 0. 0.3249 64| o0.8988 0.4384 2.0503

% 0.9455 0.3443 65] 0.9063 0.4226 2. 5

0.9397 0.3640 66] 0.9135 0.4067 2.2

21 0.9336 0.3839 2.355
22 0.9272 0.4040 68| 0.9272 0.3746 2.4751
23 0.9205 0.4245 69| 0.9336 0.3584 2.6051
24 0.94135 0.4452 70| 0.9397 0.3420 2.7475
25 0.4063 0.4663 71| 0.9455 0.3256 2.9042
26 0.4988 0.4877 72| 0.9511 0.3090 3.0777
27 0.9910 0.5095 73] 0.9563 0.2924 3.2709
28 0.49829 0.5317 74| 0.9613 0.2756 3.4875
29 0.49746 0.5543 75] 0.9659 0.2588 3.7321
30 0.4660 0.5774 76| 0.9703 0.2419 4.0108
31 0.4572 0.6009 77| 0.9744 0.2249 4.3315
32 0.4480 0.6249 78| 0.9781 0.2079 4.7047
33 0.4387 0.6494 79| o0.9816 0.1908 5.1446
34 0.4290 0.6745 80| 0.9848 0.1736 56714
35 044192 0.7002 81] 0.9877 0.1564 6.3139
36 0.8090 0.7265 82| 0.9903 0.1392 7.1155
37 ; 0.7536 83| 0.9925 0.1219 8.1446
38 ~0.7880 | 0.7813 84| 0.9945 0.1045 9.5147
39 0.7771 0.8098 85| 0.9962 0.0872 11.4305
40 0.7660 0.8391 86] 0.9976 0.0698 14.3014
a1 0.7547 0.8693 87] 0.9986 0.0523 19.0824
42 0.7431 0.9004 88| 0.9994 0.0349 28.6392
43 0.7314 0.9325 89| o0.9998 0.0174 57.3019
a4 0.7193 0.9657 90| 1.0000 0.0000 *
45 0.7071 1.0000

Angle to Ratio:

cos 37°

sin 19°

tan 67°

0.7986

0.3256

2.3559



ANGLE SINE COSINE [TANGENT] ANGLE SINE COSINE | TANGENT
0.0000 46| 0.7193 0.6947 1.
0.0175 47] 0.7314 0.6820 1.
0.0349 48| 0.7431 0.6691 1.
0.0524 49| 0.7547 0.6561 1.
0.0699 50| 0.7660 0.6428 1.
0.0875 51| 0.7771 0.6293 1.
0.1051 52| 0.7880 0.6157 1.
0.1228 53] 0.7986 0.6018 1.
0.1405 54| 0.8090 0.5878 1.
0.1584 55| 0.8192 0.5736 1.
0.1763 56] 0.8290 0.5592 1.4
0.1944 57| 0.8387 0.5446 1.
0.2126 58| 0.8480 0.5299 1.
0.2309 59| 0.8572 0.5150 1.
0.2493 60| 0.8660 0.5000 1.
0.2679 61] 0.8746 0.4848 1.
0.2867 62| o0.8829 0.4695 1.
0.3057 63| o0.8910 0.4540 1.
0.3249 64| o0.8988 0.4384 2.
0.3443 65] 0.9063 0.4226 2.
0.3640 66] 0.9135 0.4067 2.
0.3839 67] 0.9205 0.3907 2.
0.4040 68| 0.9272 0.3746 2.4
0.4245 69| 0.9336 0.3584 2.
0.4452 70| 0.9397 0.3420 2.
0.4663 71| 0.9455 0.3256 2.
0.4877 72| 0.9511 0.3090 3.
0.5095 73] 0.9563 0.2924 3.2 09
0.5317 74| 0.9613 0.2756 3.4%
0.5543 75| 0.9659 0.2588 3.7B21
0.5774 76| 0.9703 0.2419 4.00 08
0.6009 77| 0.9744 0.2249 4.3B15
0.6249 78| 0.9781 0.2079 4.7
0.6494 79| o0.9816 0.1908 5.1046
0.6745 80| o0.9848 0.1736 5. 6814
0.7002 81] 0.9877 0.1564 6.30 39
0.7265 82| 0.9903 0.1392 7. 5
0.7536 83| 0.9925 0.1219
0.7813 &4 |rgnn—n.im—rg%éﬂ§|_
0.8098 85| 0.9962 0.0872 11.4305
0.8391 86] 0.9976 0.0698 14.3014
0.8693 87] 0.9986 0.0523 19.0824
0.9004 88| 0.9994 0.0349 28.6392
0.9325 89| o0.9998 0.0174 57.3019
0.9657 90| 1.0000 0.0000 *

1.0000

Ratio to Angle:

cos1(0.9205) =23¢
sin~1(0.0872) = 5°
tan~1(9.5144) = 84°

Ratio to Angle:

acos(0.9205) =23°
asin(0.0872) = 5°
atan(9.5144) = 84°



TRIGONOMETRIC CIRCLE: First Quadrant

* 4 _ opposite side
sine =
hypotenuse
, adjacent side
cosine =
hypotenuse
opposite side
tangent = — :
: - adjacent side
adjacent side
cotangent = —
opposite side
hypotenuse
secant = : :
adjacent side
\ hypotenuse
cosecant =

opposite side



Angle to Ratio: 100° 99U 80°
110*

» S - 70 O pxedieed -
Sm B B ‘\ sin 70°= .93 ”0.‘ ¢ . I'o? . b - tan 70 034 2.74
u . . = cos 70°= .34 130° 199 g9 =09 _ o o 0.34
Trigonometric Circle ! w 0K\ s Nso T emr
: 0.7 ! o
Sinf=y s N
) ° 406 de
\ 0.5 .0
160° o 0.4 P
y X Yy W \ L
\2 10°
COS B C — 0.1 v
1 180° @ - R N R --: .
A’ - :", :- 4/-# > 3 = o ' (=) 360°
CosP=x i il 1B ? ® 350
® \
200° *
y 210 . 4 . "
Tanf= = o -1
-1 X - i 8 1
2300 @ . J ' e et 310° Sec 70°= 034" 2.9
X 240° - ® o © ., . 300° .1
Cot B 2 — . 260° y700  260° 290 esc70°= ooa = 1.07
) o N 70°
12 o i ® o o
1 130° @ 09 . . 50°
Sec = 140° " [ e :
. - 7 40
X 150° 0.6 N (300
B E B N
I 160° o 0.4 ° 2
0.3
Csc ﬁ = — 170" @ . 0.2 e 10
y 80° @ = - J5
] i *ig.ogc’fegoo.—'.xoo
. w w| ® v O
Using the first quadrant to oo @ 5 s
: y
. < /
get all 6 trigonometric ratios s 1\ ®
2w°. y L
A A 330°
o S . R i :
2 o ' s - - atio to Angle:
200 @ . _ ' L@ 310° cos 1 (0.6) = 53°
" . @
240 o o © %00° sin 1 (0.5) = 30°

250° 2900



180°=m
180° 180°

Radians

Radians
and
Degrees

180° =
180° =
T T

180° =m
3.14 m™

57.3° = 1 Radian



Once upon at time ... no calculators were available.
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Many times a trigonometric value when
retrieved from tables can not be taken
directly from the table and makes
necessary to use what we know from
proportional reasoning to setup a
proportion and perform an interpolation

Example 1: Estimate sin(7.5°)

Use the table values sin(7°) = 0.1219 and sin(8°) = 0.1392.

01219 0.1392
o—e

( Example 2: Estimate cos(28°)
Use the table values cos(27°) = 0.8910 and cos(29°) = 0.8746.
0.8910 x 0.8746

. = ) M =0.5 * Y4 ° (28 27) _1_ =05
7 /D 8 (8 - 7) 27° 28° 29° (29 27) 2
sin(7.5°) = 0.1219 + 0.5(0.1392 - 0.1219) cos(28°) ~ 0.8910 + 0.5(0.8746 — 0.8910)
~ 0.1219 + 0.5(0.0173) ~ 0.8910 + 0.5(-0.0164)
~ 0.13055 =~ 0.1306 ~(0.8828
This is an estimate between 7° and 8°. { The exact value is close, so a small interpolation error is normal.
Table 1: 0° to 15° (by 1°) Table 2: 20° to 35° (by 1°)
ANGLE SINE COSINE ANGLE SINE COSINE
0 0.0000 1.0000 20 0.3420 0.9397
1 0.0175 0.9998 21 0.3584 0.9336
2 0.0349 0.9994 22 0.3746 0.9272
3 0.0523 0.9986 23 0.3907 0.9205
4 0.0698 0.9976 24 0.4067 0.9135
5 0.0872 0.9962 25 0.4226 0.9063
6 0.1045 0.9945 26 0.4384 0.8988
7 0.1219 0.9925 27 0.4540 0.8910
8 0.1392 0.9903 28 0.4695 0.8829
9 0.1564 0.9877 29 0.4848 0.8746
10 0.1736 0.9848 30 0.5000 0.8660
11 0.1908 0.9816 31 0.5150 0.8572
12 0.2079 0.9781 32 0.5299 0.8480
13 0.2250 0.9744 33 0.5446 0.8387
14 0.2419 0.9703 34 0.5592 0.8290
15 0.2588 0.9659 35 0.5736 0.8192
a
X b  rarios
[ @ o
A X B < ANGLES
x—a b-—a .
X—4 B-a X=a@t (X =4) B-A



Common Trigonometric Values for Sine and Cosine




Effects of parameters in a trigonometric function:
f(x)=A-cos(B-x+C)+D
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Terminal Rays and Periodic Concept

Coterminal rays
3 11w 19m 27w 357

&
/ I/ o N \ \ Coterminal rays
/ “‘“\\ 21, 4m, 6m, 8w, 10
I\ N

Coterminal rays ;
, 3w, 57, 77, Im 7r w1ir 157 Coterminal rays

St 13w 21m 297 37w Y BIn 15w 23 3w 89T
o S AT T 2

Coterminal rays




A

REFLECTED ON x = g

y
sin (m — x) = sinx r=1

Yy = sinf

cos (T — x) = —cosx < 0 >

x =cosf

tan (mr — x) = —tanx

cot(m —x) = —cotx

sec (T —x) = —secx

v
sec (m—x) =cscx

Pythagorean Theorem (Pythagorean Identities proof):

. .2 2
r2=x%+y? = | 1=sin’x + cos’x 1 sin®x  cos®x

sin’x sin?x  sinx

1 sin’x cos’x csc?x =1+ cot’x
2 ot 2
cos2x cos’x cos?x

sec’x = tan’x + 1




Distance Formula between two points in a plane:

Recall Pythagorean Theorem:

g c? = a® + b? i(xzy}’z)

a ¢ |c| =+a?+ b2 <
c = tVa? + b? \<|
C b A (—) no sense here ’_;_l
ST
and Recall:
a b
+—@ @ > \ }
X1 X2 Y .
Distancey ¢, = |b — a| lx; —x1] = a ) j
b
b = —-a), (b—a)<O0 ;
b —al = (b — a), (b—a) =0 Combining ideas at the left: €
and Distance between 2 points
(x,,y2) and(x4,y4) in the coordinate plane:

\/;=|x|= —X, x<0
X x=0 d=\/(x2—x1)2+(y2—y1)2



Midpoint Formula between two points in a plane:

Recall:
a+b : , !
| |
a 2 b : : '(xZ)yZ)
< ° ® ° > Yy == mmm - T
X1 M X2 i I :
| i }
L it b nty T
Midpoint 440 p = 2 : ! <x1+*z )’1+3’2>
2 1 IM (-]
1 I 2 1 2
e T
|
' |
xl x1+x2 xz

Midpoint Formula in the Coordinate Plane:

X1 tX2 Y1 +)’2)

M(x,y)=< B



Conics: Circle Formula

|, — x4]

Applying Pythagorean Thedrem

(X3 — %)%+ (g —y1)% =12

where:
(x1,y1) — center of circle

(x2,y2) — point on the circumference

r — radius
or

r=+(x3 —2x1)% + (¥,

—y1)?

aray

Circle Formula.:
2 2 _ ..2
(¢, —h)*+ (1 — k) =r
(h,k) — center of circle

(x1,y1) — point on circumference

r=\/(x1

— h)% + (yq — k)?
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  G e o m e t r i c   T h e o r e m s  


  a n d  


  P o s t u l a t e s


  𝑵 𝒆 𝒈 𝒂 𝒕 𝒊 𝒐 𝒏 :


  𝑻 𝒉 𝒆   𝒏 𝒆 𝒈 𝒂 𝒕 𝒊 𝒐 𝒏   𝒊 𝒔   𝒕 𝒉 𝒆   𝒏 𝒆 𝒈 𝒂 𝒕 𝒊 𝒐 𝒏   𝒐 𝒇   𝒂   𝒔 𝒕 𝒂 𝒕 𝒆 𝒎 𝒆 𝒏 𝒕


  𝑨 𝒏   𝑨 𝒏 𝒈 𝒍 𝒆   𝒊 𝒔   𝑹 𝒊 𝒈 𝒕 𝒉


  𝑨 𝒏   𝑨 𝒏 𝒈 𝒍 𝒆   𝒊 𝒔   𝑵 𝒐 𝒕   𝑹 𝒊 𝒈 𝒉 𝒕


  ~ 𝒑   𝒊 𝒔  𝑵    ′ ′ 𝒐      𝒑  ′ ′   𝒐 𝒓   𝒏 𝒆 𝒈 𝒂 𝒕 𝒊 𝒏 𝒈   ′ ′ 𝒑 ′ ′


  𝑨 𝒏   𝑨 𝒏 𝒈 𝒍 𝒆   𝒊 𝒔   𝑵 𝒐 𝒕   𝑹 𝒊 𝒈 𝒉 𝒕


  𝑨 𝒏   𝑨 𝒏 𝒈 𝒍 𝒆   𝒊 𝒔   𝑹 𝒊 𝒈 𝒉 𝒕


  𝑫 𝒆 𝒕 𝒆 𝒓 𝒎 𝒊 𝒏 𝒆   𝒕 𝒉 𝒆   𝒗 𝒂 𝒍 𝒊 𝒅 𝒊 𝒕 𝒚   𝒐 𝒇   𝒕 𝒉 𝒆   𝑪 𝑶 𝑵 𝑱 𝑬 𝑪 𝑻 𝑼 𝑹 𝑬 .   𝑰 𝒇   𝒊 𝒕   𝒊 𝒔   𝒇 𝒂 𝒍 𝒔 𝒆   𝒈 𝒊 𝒗 𝒆  


  𝒂   𝑪 𝑶 𝑼 𝑵 𝑻 𝑬 𝑹   𝑬 𝑿 𝑨 𝑴 𝑷 𝑳 𝑬


  :


  𝑪 𝒐 𝒏 𝒋 𝒆 𝒄 𝒕 𝒖 𝒓 𝒆 :


  𝑷 𝒐 𝒊 𝒏 𝒕 𝒔   𝑨 ,   𝑩 ,   𝑪 ,   𝑫  


  𝑰 𝒕   𝒊 𝒔   𝒐 𝒏 𝒍 𝒚   𝒑 𝒐 𝒔 𝒔 𝒊 𝒃 𝒍 𝒆   𝒕 𝒐   𝒂 𝒓 𝒓 𝒂 𝒏 𝒈 𝒆  


  𝒑 𝒐 𝒊 𝒏 𝒕 𝒔   𝒊 𝒏   𝒂   𝒔 𝒒 𝒖 𝒂 𝒓 𝒆


  𝑭 𝒂 𝒍 𝒔 𝒆 !


  𝑪 𝒐 𝒖 𝒏 𝒕 𝒆 𝒓 − 𝑬 𝒙 𝒂 𝒎 𝒑 𝒍 𝒆 :


  𝑰 𝒕   𝒊 𝒔   𝒑 𝒐 𝒔 𝒔 𝒊 𝒃 𝒍 𝒆   𝒕 𝒐   𝒂 𝒓 𝒓 𝒂 𝒏 𝒈 𝒆


    𝒕 𝒉 𝒆 𝒎   𝒊 𝒏   𝒂   𝒕 𝒓 𝒂 𝒑 𝒆 𝒛 𝒐 𝒊 𝒅


  𝑪 𝒐 𝒖 𝒏 𝒕 𝒆 𝒓 − 𝑬 𝒙 𝒂 𝒎 𝒑 𝒍 𝒆 :


  𝑪 𝒐 𝒏 𝒅 𝒊 𝒕 𝒊 𝒐 𝒏 𝒂 𝒍   𝑺 𝒕 𝒂 𝒕 𝒆 𝒎 𝒆 𝒏 𝒕 𝒔   𝒐 𝒓   𝑷 𝒓 𝒐 𝒑 𝒐 𝒔 𝒊 𝒕 𝒊 𝒐 𝒏 𝒔


  𝒊 𝒇 … 𝒕 𝒉 𝒆 𝒏 …


  𝒑     →     𝒒


  𝒊 𝒇    {   𝒑   }   𝒕 𝒉 𝒆 𝒏    {   𝒒   }


  𝒑   = 𝒉 𝒚 𝒑 𝒐 𝒕 𝒆 𝒔 𝒊 𝒔


  𝒒   =   𝒄 𝒐 𝒏 𝒄 𝒍 𝒖 𝒔 𝒊 𝒐 𝒏


  𝑾 𝒉 𝒆 𝒓 𝒆 :


  𝑪 𝒐 𝒏 𝒗 𝒆 𝒓 𝒔 𝒆


  𝒊 𝒇 … 𝒕 𝒉 𝒆 𝒏 …


  𝒒     →     𝒑


  𝒊 𝒇    {   𝒒   }   𝒕 𝒉 𝒆 𝒏    {   𝒑   }


  𝒑   = 𝒄 𝒐 𝒏 𝒄 𝒍 𝒖 𝒔 𝒊 𝒐 𝒏


  𝒒   = 𝒉 𝒚 𝒑 𝒐 𝒕 𝒆 𝒔 𝒊 𝒔


  𝑾 𝒉 𝒆 𝒓 𝒆 :


  𝑰 𝒏 𝒗 𝒆 𝒓 𝒔 𝒆


  𝒊 𝒇 … 𝒕 𝒉 𝒆 𝒏 …


  ~ 𝒑     →     ~ 𝒒


  𝒊 𝒇    {   ~ 𝒑   }   𝒕 𝒉 𝒆 𝒏    {   ~ 𝒒   }


  𝒑   = 𝒉 𝒚 𝒑 𝒐 𝒕 𝒆 𝒔 𝒊 𝒔


  𝒒   =   𝒄 𝒐 𝒏 𝒄 𝒍 𝒖 𝒔 𝒊 𝒐 𝒏


  𝑾 𝒉 𝒆 𝒓 𝒆 :


  𝑪 𝒐 𝒏 𝒕 𝒓 𝒂 𝒑 𝒐 𝒔 𝒊 𝒕 𝒊 𝒗 𝒆


  𝒊 𝒇 … 𝒕 𝒉 𝒆 𝒏 …


  ~ 𝒒     →     ~ 𝒑


  𝒊 𝒇    {   ~ 𝒒   }   𝒕 𝒉 𝒆 𝒏    {   ~ 𝒑   }


  𝒑   = 𝒄 𝒐 𝒏 𝒄 𝒍 𝒖 𝒔 𝒊 𝒑 𝒏


  𝒒   = 𝒉 𝒚 𝒑 𝒐 𝒕 𝒆 𝒔 𝒊 𝒔


  𝑾 𝒉 𝒆 𝒓 𝒆 :


  ~   = 𝒏 𝒆 𝒈 𝒂 𝒕 𝒊 𝒐 𝒏


  𝑳 𝒂 𝒘   𝒐 𝒇   𝑫 𝒆 𝒕 𝒂 𝒄 𝒉 𝒎 𝒆 𝒏 𝒕


  𝑮 𝒆 𝒏 𝒆 𝒓 𝒂 𝒍                   ⟶                           𝑷 𝒂 𝒓 𝒕 𝒊 𝒄 𝒖 𝒍 𝒂 𝒓


  I f    { 𝑺 . 𝑨 . =  𝟏 𝟐 ∙ 𝑷 ∙ 𝒍 +    𝟏 𝟐 ∙ 𝑷 ∙ 𝒂 }


  t h e n    { 𝑺 . 𝑨 . =  𝟏 𝟐 ∙ 𝟑 𝟔 ∙ 𝟐 𝟔 . 𝟓 +    𝟏 𝟐 ∙ 𝟑 𝟔 ∙ 𝟑 ∙  𝟑 → S . A . = 15 ∙ 𝜋 ≈ 𝟖 𝟏 𝟎 }


  w i t h   P = 36   a n d   l = 26 . 5   a n d   a = 3 ∙  3


  I f    { 𝑺 . 𝑨 . = 𝝅 ∙  𝒓 𝟐 + 𝝅 ∙ 𝒓 ∙ 𝒍   }


  t h e n    { 𝑺 . 𝑨 . = 𝝅 ∙    ( 𝟑 ) 𝟐 + 𝝅 ∙ 𝟑 ∙ 𝟐   → S . A . = 𝟏 𝟓 ∙ 𝝅 }


  w i t h   r = 3   a n d   l = 2


  I f    { 𝑽 =  𝟏 𝟑 ∙ 𝑩 ∙ 𝒉   }   t h e n    { 𝑽 =  𝟏 𝟑 ∙ 𝟐 ∙ 𝟑 → V = 𝟐 }


  w i t h   B = 2   a n d   h = 3


  I f    { 𝑺 . 𝑨 . = 𝟒 ∙ 𝝅 ∙  𝒓 𝟐   }   t h e n    { 𝑺 . 𝑨 . = 𝟒 ∙ 𝝅 ∙    ( 𝟑 ) 𝟐 → S . A . = 𝟑 𝟔 ∙ 𝝅 }


  w i t h   r = 3


  I f    { 𝑽 =  𝟒 𝟑 ∙ 𝝅 ∙  𝒓 𝟑   }   t h e n    { 𝑽 =  𝟒 𝟑 ∙ 𝝅 ∙    ( 𝟑 ) 𝟑   → S . A . = 𝟏 𝟐 ∙ 𝝅 }


  w i t h   r = 3


  𝑰 𝒇    { 𝒑 → 𝒒     𝒊 𝒔   𝒂   𝒕 𝒓 𝒖 𝒆   𝒔 𝒕 𝒂 𝒕 𝒆 𝒎 𝒆 𝒏 𝒕   𝒂 𝒏 𝒅     𝒑   𝒊 𝒔   𝒕 𝒓 𝒖 𝒆 }


  𝒕 𝒉 𝒆 𝒏    { 𝒒   𝒊 𝒔   𝒕 𝒓 𝒖 𝒆 . }


  𝑳 𝒂 𝒘   𝒐 𝒇   𝑺 𝒚 𝒍 𝒐 𝒈 𝒊 𝒔 𝒎


  𝑰 𝒇    {   𝒑 → 𝒒   }   𝒂 𝒏 𝒅    {   𝒒 → 𝒓   }     𝒕 𝒉 𝒆 𝒏    {   𝒑 → 𝒓   }  


  𝑰 𝒇    {                     → 𝟐   𝒑 𝒂 𝒊 𝒓 𝒔   𝒐 𝒇   ∥ 𝑺 𝒊 𝒅 𝒆 𝒔   }   𝒂 𝒏 𝒅    {   𝑨   𝒑 𝒂 𝒓 𝒂 𝒍 𝒍 𝒆 𝒍 𝒐 𝒈 𝒓 𝒂 𝒎 → 𝟐   𝒑 𝒂 𝒊 𝒓 𝒔   𝒐 𝒇   ∥ 𝑺 𝒊 𝒅 𝒆 𝒔   }  


  𝒕 𝒉 𝒆 𝒏    {                       → 𝑨   𝒑 𝒂 𝒓 𝒂 𝒍 𝒍 𝒆 𝒍 𝒐 𝒈 𝒓 𝒂 𝒎   }


  𝑰 𝒇    {     ∠ 𝑨 𝑩 𝑪   → 𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆 𝒔     𝟔 𝟎 𝒐   }   𝒂 𝒏 𝒅    {     𝟎 𝒐 < 𝒂 𝒏 𝒈 𝒍 𝒆 <   𝟗 𝟎 𝒐 → 𝑨 𝒏   𝒂 𝒄 𝒖 𝒕 𝒆   ∠ }


  𝒕 𝒉 𝒆 𝒏    {   ∠ 𝑨 𝑩 𝑪 → 𝑨 𝒄 𝒖 𝒕 𝒆   ∠   }


  𝑰 𝒇    {     𝑨   𝒌 𝒊 𝒕 𝒆 → 𝟐   𝒑 𝒂 𝒊 𝒓 𝒔   𝒐 𝒇   𝒄 𝒐 𝒏 𝒔 𝒆 𝒄 𝒖 𝒕 𝒊 𝒗 𝒆   𝒔 𝒊 𝒅 𝒆 𝒔  ≅ ′ 𝒔   }


  𝒕 𝒉 𝒆 𝒏    { 𝑨 𝑩 𝑪 𝑫 → 𝑲 𝑰 𝑻 𝑬 }


  𝒂 𝒏 𝒅    {   𝑨 𝑩 𝑪 𝑫   → 𝟐   𝒑 𝒂 𝒊 𝒓 𝒔   𝒐 𝒇   𝒄 𝒐 𝒏 𝒔 𝒆 𝒄 𝒖 𝒕 𝒊 𝒗 𝒆   𝒔 𝒊 𝒅 𝒆 𝒔  ≅ ′ 𝒔   }


  𝑹 𝒆 𝒄 𝒂 𝒍 𝒍 :


  𝑻 𝒓 𝒂 𝒏 𝒔 𝒊 𝒕 𝒊 𝒗 𝒆   𝑷 𝒐 𝒓 𝒑 𝒆 𝒓 𝒕 𝒚   𝒊 𝒏   𝑨 𝒍 𝒈 𝒆 𝒃 𝒓 𝒂 :


  𝒊 𝒇    { 𝒂 = 𝒃 }   𝒂 𝒏 𝒅    { 𝒃 = 𝒄 }   𝒕 𝒉 𝒆 𝒏    { 𝒂 = 𝒄 }


  𝒊 𝒇    { 𝑷 𝒐 𝒊 𝒏 𝒕   𝑳   𝒊 𝒔   𝒃 𝒆 𝒕 𝒘 𝒆 𝒆 𝒏   𝒑 𝒐 𝒊 𝒏 𝒕 𝒔   𝑲   𝒂 𝒏 𝒅   𝑴   𝒊 𝒏     𝑲 𝑴 - }


  𝒕 𝒉 𝒆 𝒏    {   𝑲 𝑴 - ≅   𝑲 𝑳 - +   𝑳 𝑴 -   → 𝑲 𝑴 = 𝑲 𝑳 + 𝑳 𝑴 }


  𝑶 𝒓


  𝒊 𝒇    {   𝑲 𝑴 - ≅   𝑲 𝑳 - +   𝑳 𝑴 -   → 𝑲 𝑴 = 𝑲 𝑳 + 𝑳 𝑴 }


  𝒕 𝒉 𝒆 𝒏    { 𝑷 𝒐 𝒊 𝒏 𝒕   𝑳   𝒊 𝒔   𝒃 𝒆 𝒕 𝒘 𝒆 𝒆 𝒏   𝒑 𝒐 𝒊 𝒏 𝒕 𝒔   𝑲   𝒂 𝒏 𝒅   𝑴   𝒊 𝒏     𝑲 𝑴 - }


  𝑺 𝒆 𝒈 𝒎 𝒆 𝒏 𝒕     𝑨 𝒅 𝒅 𝒊 𝒕 𝒊 𝒐 𝒏   𝑷 𝒐 𝒔 𝒕 𝒖 𝒍 𝒂 𝒕 𝒆 :


  𝑴


  𝑳


  𝑲


  𝑲


  𝑴


  𝑲


  𝑴


  𝑲


  𝑴


  L i n e     K M ⃡


  S e g m e n t     K M -


  R a y       K M →


  𝑺 𝒆 𝒈 𝒎 𝒆 𝒏 𝒕 𝒔 ,   𝒍 𝒊 𝒏 𝒆 𝒔   𝒂 𝒏 𝒅   𝒓 𝒂 𝒚 𝒔


  𝑺 = 𝑰 𝒏 𝒕 𝒆 𝒓 𝒊 𝒐 𝒓   𝑨 𝒏 𝒈 𝒍 𝒆   𝑺 𝒖 𝒎   𝒊 𝒏   𝑷 𝒐 𝒍 𝒚 𝒈 𝒐 𝒏 𝒔


  =  ( 𝑵 𝒖 𝒎 𝒃 𝒆 𝒓   𝒐 𝒇   𝑻 𝒓 𝒊 𝒂 𝒏 𝒈 𝒍 𝒆 𝒔 ) ∙   𝟏 𝟖 𝟎 𝒐


  𝑵 𝒖 𝒎 𝒃 𝒆 𝒓     𝑻 𝒓 𝒊 𝒂 𝒏 𝒈 𝒍 𝒆 𝒔 = 𝑵 𝒖 𝒎 𝒃 𝒆 𝒓   𝑺 𝒊 𝒅 𝒆 𝒔 − 𝟐


  𝒏 = 𝑵 𝒖 𝒎 𝒃 𝒆 𝒓   𝑺 𝒊 𝒅 𝒆 𝒔


    𝑺 =    ( 𝒏 − 𝟐 ) ∙   𝟏 𝟖 𝟎 𝒐


  𝑻 𝒓 𝒊 𝒂 𝒏 𝒈 𝒍 𝒆   𝑪 𝒐 𝒏 𝒈 𝒓 𝒖 𝒆 𝒏 𝒄 𝒆  


  𝑻 𝒉 𝒆 𝒐 𝒓 𝒆 𝒎 𝒔   𝒂 𝒏 𝒅   𝑷 𝒐 𝒔 𝒕 𝒖 𝒍 𝒂 𝒕 𝒆 𝒔


  𝑻 𝒓 𝒊 𝒂 𝒏 𝒈 𝒍 𝒆   𝑰 𝒏 𝒆 𝒒 𝒖 𝒂 𝒍 𝒊 𝒕 𝒚


  𝑰 𝒇  {      𝒂 ′  𝒂 " =   𝒃 ′  𝒃 " =   𝒄 ′  𝒄 "   𝒐 𝒓     𝒂 "  𝒂 ′ =   𝒃 "  𝒃 ′ =   𝒄 "  𝒄 ′ }   &      {    ∠ 𝑨 ′ ≅ ∠   𝑨 "   ∠ 𝑩 ′ ≅ ∠   𝑩 "   ∠ 𝑪 ′ ≅ ∠   𝑪 " }


  𝑻 𝒉 𝒆 𝒏    


   { ∆  𝑨 ′  𝑩 ′ 𝑪 ′ ~ ∆ 𝑨 ′′B′′ 𝑪 ′ ′ }


  𝑻 𝒉 𝒆   𝑪 𝒐 𝒏 𝒗 𝒆 𝒓 𝒔 𝒆   𝒊 𝒔   𝒂 𝒍 𝒔 𝒐   𝒕 𝒓 𝒖 𝒆


  ~       → 𝑺 𝒊 𝒎 𝒊 𝒍 𝒂 𝒓 𝒊 𝒕 𝒚   𝑺 𝒚 𝒎 𝒃 𝒐 𝒍


  Side−Side−Side or SSS  ~


  A n g l e − A n g l e   ~  


  Side−Angle−Side or SAS  ~


  ∆


  ∥


  a ′


  c ′


  b ′


  A ′


  C


  B ′


  a "


  c "


  b "


  A "


  C


  B


  T h e n


   {    ∆  A ′  B ′ C ′ ~ ∆ A ′ ′ B′′ C ′ ′   b y     S S S     ~ }


  I f      {      a ′  a " =   b ′  b " =   c ′  c "   o r     a "  a ′ =   b "  b ′ =   c "  c ′ }


  T h e   c o n v e r s e   i s   t r u e   a s   w e l l


  a ′


  c ′


  b ′


  A ′


  C


  B ′


  a "


  c "


  b "


  A "


  C


  B


  I f  {              a ′  a " =   c ′  c "   o r     a "  a ′ =   c "  c ′   a n d         ∠ B ′ ≅ ∠   B "   }


  a ′


  c ′


  b ′


  A ′


  C


  B ′


  a "


  c "


  b "


  A "


  C


  B


  T h e n


   {    ∆  A ′  B ′ C ′ ~ ∆ A ′′B′′ C ′ ′       b y         S A S     ~ }


  T h e   c o n v e r s e   i s   t r u e   a s   w e l l


  I f    {                   {    ∠ A ′ ≅ ∠   A "   ∠ B ′ ≅ ∠   B " }       o r  {    ∠ A ′ ≅ ∠   A "   ∠ C ′ ≅ ∠   C " }     o r  {    ∠ B ′ ≅ ∠   B "   ∠ C ′ ≅ ∠   C " } }


  T h e n


   {    ∆  A ′  B ′ C ′ ~ ∆ A ′ ′ B ′ ′ C ′ ′       b y           A A     ~ }


  A


  C


  B


  E


  D


  I f  {    D   y   E   a r e   m i d p o i n t s   o f     B C -    a n d     D A - }


  T h e n  {      D E -   ∥   C A -   a n d   D E =  1 2 C A }


  T h e   c o n v e r s e   i s   t r u e   a s   w e l l


  T h e   c o n v e r s e   i s   t r u e   a s   w e l l


  ∥


  ∆  


  ∥


  edians        𝑩 ′ 𝑫 ′ -


    𝑩 " 𝑫 " -


  in   similar   triangles   are  


  ltitudes   or   H e i g h t s      𝑩 ′ 𝑫 ′ -


    𝑩 " 𝑫 " -


  in   similar   triangles   are  


  f


  g


  j


  A


  C


  B


  E


  D


  k


    I f    {   D E - ∥   C A - }  


  T h e n


  T h e n        {       A ′ B ′  A " B " =    B ′ C ′  B " C " =    C ′ A ′  C " A " =    B ′ D ′  B " D "   o r     A " B "   A ′ B ′ =   B " C "   B ′ C =   C " A "   C ′ A =   B " D "   B ′ D ′ }  


  h


  j


  k


  A


  B


  B


  C


  D


  l


  E


  F


  I f      {      A B - ∥   C D -       a n d       C D - ∥   E F -          a n d     A B - ∥   E F - }  


  T h e n    {  k l =  h j }  


  T h e   c o n v e r s e   i s   t r u e   a s   w e l l


  T h e   c o n v e r s e   i s   t r u e   a s   w e l l
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  B ′


  A "


  C


  B


  D


  D


  A ′


  C


  B ′


  A "


  C


  B


  D


  D


   {  f j =  g k }  


  I f    {    ∆  A ′  B ′ C ′ ~ ∆ A ′ ′ B ′ ′ C ′ ′   a r e    ∆ ′ s   ~ }


  T h e n      {       A ′ B ′  A " B " =    B ′ C ′  B " C " =    C ′ A ′  C " A " =    B ′ D ′  B " D "   o r     A " B "   A ′ B ′ =   B " C "   B ′ C =   C " A "   C ′ A =   B " D "   B ′ D ′ }  


  I f    {    ∆  A ′  B ′ C ′ ~ ∆ A ′ ′ B ′ ′ C   a r e    ∆ ′ s   ~ }


  S m a l l e r : L a r g e r


  L a r g e r : S m a l l e r


  S m a l l e r : L a r g e r


  L a r g e r : S m a l l e r


  ngle   Bisectors      𝑩 ′ 𝑫 ′ -


    𝑩 " 𝑫 " -


  in   similar   triangles   are  


   a ′ + b ′ +  c ′


  a " + b " + c "


  in   similar   triangles   are  


  a ′


  c ′


  b ′


  A ′


  C


  B ′


  a "


  c "


  b "


  A "


  C


  B


  T h e n        {       A ′ B ′  A " B " =    B ′ C ′  B " C " =    C ′ A ′  C " A " =    B ′ D ′  B " D "   o r     A " B "   A ′ B ′ =   B " C "   B ′ C =   C " A "   C ′ A =   B " D "   B ′ D ′ }  


  I f    {    ∆  A ′  B ′ C ′ ~ ∆ A " B" C "   a r e    ∆ ′ s   ~ }


  A ′


  C


  B ′


  A "


  C


  B


  D


  D


  T h e n        {       A ′ B ′  A " B " =    B ′ C ′  B " C " =    C ′ A ′  C " A " =    a ′ + b ′ + c ′  a " + b " + c "   o r     A " B "   A ′ B ′ =   B " C "   B ′ C =   C " A "   C ′ A =   a " + b " + c "   a ′ + b ′ + c ′ }  


  I f    {    ∆  A ′  B ′ C ′ ~ ∆ A " B " C "   a r e    ∆ ′ s   ~ }


  S m a l l e r : L a r g e r


  L a r g e r : S m a l l e r


  S m a l l e r : L a r g e r


  L a r g e r : S m a l l e r


  A


  C


  B


  D


   {   C D  D A =   B C  B A }  


  A


  C


  B


  D


  A


  C


  B


  D


  A


  C


  B


  D


  A


  C


  B


  D


     ∆ A B C ~ ∆ A D B     𝑨 𝑩  𝑨 𝑫 =   𝑨 𝑪  𝑨 𝑩     A B  A D =   B C  D B     A C  A B =   B C  D B


     ∆ A D B ~ ∆ B D C     A D  D B =   A B  B C     𝑨 𝑫  𝑫 𝑩 =   𝑫 𝑩  𝑫 𝑪     A B  B C =   D B  D C


     ∆ A B C ~ ∆ B D C     A B  B D =   A C  B C     A B  B D =   B C  D C     𝑨 𝑪  𝑩 𝑪 =   𝑩 𝑪  𝑫 𝑪


    𝑨 𝑩  𝑨 𝑫 =   𝑨 𝑪  𝑨 𝑩


    𝑨 𝑫  𝑫 𝑩 =   𝑫 𝑩  𝑫 𝑪


    𝑨 𝑪  𝑩 𝑪 =   𝑩 𝑪  𝑫 𝑪


    𝑨 𝑩 𝟐 = 𝑨 𝑪 ∙ 𝑨 𝑫


    𝑩 𝑪 𝟐 = 𝑨 𝑪 ∙ 𝑫 𝑪


    𝑫 𝑩 𝟐 = 𝑨 𝑫 ∙ 𝑫 𝑪


  A c u t e     ∆ ′ s


  O b t u s e     ∆ ′ s


   𝒄 𝟐 =  𝒂 𝟐 +  𝒃 𝟐


  𝒄


  𝒃


  𝒂


  𝑪


  𝑩


  𝑨


  𝒄


  𝒃


  𝒂


  𝑪


  𝑩


  𝑨


  𝒄


  𝒃


  𝒂


  𝑪


  𝑩


  𝑨


   𝒄 𝟐 <  𝒂 𝟐 +  𝒃 𝟐


   𝒄 𝟐 >  𝒂 𝟐 +  𝒃 𝟐


   | 𝒄 | =   𝒂 𝟐 +  𝒃 𝟐


  𝒄 = ±   𝒂 𝟐 +  𝒃 𝟐


   ( − )   N o   s e n s e   h e r e


  𝒄


  𝒃


  𝒂


  𝑪


  𝑩


  𝑨


  → 𝑹 𝒆 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆   𝑨 𝒏 𝒈 𝒍 𝒆


  𝒂


  → 𝑶 𝒑 𝒑 𝒐 𝒔 𝒊 𝒕 𝒆   𝑺 𝒊 𝒅 𝒆


  𝒃


  → 𝑨 𝒅 𝒋 𝒂 𝒄 𝒆 𝒏 𝒕   𝑺 𝒊 𝒅 𝒆


   sin ⁡ 𝜃 =   O p p o s i t e   S i d e  H y p o t e n u s e


    c o s ⁡ 𝜃 =   A d j a c e n t   S i d e  H y p o t e n u s e


   tan ⁡ 𝜃 =   O p p o s i t e   S i d e  A d j a c e n t   S i d e


   cot ⁡ 𝜃 =   A d j a c e n t   S i d e  O p p o s i t e   S i d e


    s e c ⁡ 𝜃 =   H y p o t e n u s e  A d j a c e n t   S i d e


   csc ⁡ 𝜃 =   H y p o t e n u s e  O p p o s i t e   S i d e


   sin ⁡ A =  a c


    c o s ⁡ A =  b c


   tan ⁡ A =  a b


    𝐜 𝐨 𝐭 ⁡ 𝑨 =  𝒃 𝒂


    𝒔 𝒆 𝒄 ⁡ 𝑨 =  𝒄 𝒃


    𝐜 𝐬 𝐜 ⁡ 𝑨 =  𝒄 𝒂


   sin ⁡ B =  b c


    c o s ⁡ B =  a c


   tan ⁡ B =  b a


    𝐜 𝐨 𝐭 ⁡ 𝑩 =  𝒂 𝒃


    𝒔 𝒆 𝒄 ⁡ 𝑩 =  𝒄 𝒂


    𝐜 𝐬 𝐜 ⁡ 𝑩 =  𝒄 𝒃


  → 𝑹 𝒆 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆   𝑨 𝒏 𝒈 𝒍 𝒆


  𝒄


  𝒃


  𝒂


  𝑪


  𝑩


  𝑨


  → 𝑹 𝒆 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆   𝑨 𝒏 𝒈 𝒍 𝒆


  → 𝑹 𝒆 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆   𝑨 𝒏 𝒈 𝒍 𝒆


  𝒃


  → 𝑶 𝒑 𝒑 𝒐 𝒔 𝒊 𝒕 𝒆   𝑺 𝒊 𝒅 𝒆


  𝒂


  → 𝑨 𝒅 𝒋 𝒂 𝒄 𝒆 𝒏 𝒕   𝑺 𝒊 𝒅 𝒆


  𝛼 , 𝛽 , 𝛾 , 𝛿 ,   𝜃 → I t   i s   c o m m o n   t o   u s e   t h e m   a s   a n g l e s .


  𝜃


   ∆ ′ 𝒔  


   ( ~ )


  ~


  rigonom e t r í a   d e   T r i á n g u l o s   R e c t o s   y      ( ~ )


   30 o


   60 o


   60 o


   60 o
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  G


  F


  E


  D


  C


  B


  ∆ 𝑨 𝑩 𝑲 ~ ∆ 𝑨 𝑪 𝑱 ~ ∆ 𝑨 𝑫 𝑰 ~ ∆ 𝑨 𝑬 𝑯 ~ ∆ 𝑨 𝑭 𝑮


    𝟑 𝟎 𝒐 −   𝟔 𝟎 𝟎 −   𝟗 𝟎 𝒐  


   sin ⁡   (     𝟑 𝟎 𝒐   ) = 0 . 5


   cos ⁡   (     𝟑 𝟎 𝒐   ) ≈ 0 . 87


   tan ⁡   (     𝟑 𝟎 𝒐   ) ≈ 0 . 58


     sin  − 1 ⁡   (   𝟎 . 𝟓   ) =  30 o


     cos  − 1 ⁡   (   𝟎 . 𝟖 𝟕   ) ≈  30 o


      t a n  − 1 ⁡   (   𝟎 . 𝟓 𝟖   ) ≈  30 o


  P e r f o m i n g   a n   e l o n g a t i o n   b y   a   f a c t o r   o f   8   w i t h   c e n t e r   o f   d i l a t i o n   a t   p o i n t   M


  P e r f o m i n g   F r a c t r i o n a l   D i l a t i o n s : R e d u c t i o n   t o    3 4     a n d   t o    1 2


  T


   ≅ ′ 𝒔


    𝟒 𝟓 𝒐 −   𝟒 𝟓 𝒐 −   𝟗 𝟎 𝒐


    𝟑 𝟎 𝒐 −   𝟔 𝟎 𝒐 −   𝟗 𝟎 𝒐


  𝑨 =  𝟏 𝟐 ∙ 𝒃 ∙ 𝒉


  𝒉


  𝒃


  𝒉


  𝒃


  𝒉


  𝒃


  𝑨 = 𝑨 𝒓 𝒆 𝒂  


    𝒃 = 𝑩 𝒂 𝒔 𝒆


    𝒉 = 𝑨 𝒍 𝒕 𝒊 𝒕 𝒖 𝒅 𝒆   𝒐 𝒓   𝑯 𝒆 𝒊 𝒈 𝒉 𝒕


  𝑨 = 𝑨 𝒓 𝒆 𝒂  


    𝒃 = 𝑩 𝒂 𝒔 𝒆


  A =  1 2 ∙ b ∙ h +  1 2 ∙ b ∙ h


  A = b ∙ h  (  1 2 +  1 2 ) = b ∙ h


  𝒉


  𝒉


  𝒉


  𝒃


  𝒃


  𝒃


  𝒃


  𝒉


  𝒃


  𝒉


  𝒉


  𝒃


  𝒉 = 𝑨 𝒍 𝒕 𝒊 𝒕 𝒖 𝒅 𝒆   𝒐 𝒓   𝑯 𝒆 𝒊 𝒈 𝒉 𝒕


  𝑨 = 𝑨 𝒓 𝒆 𝒂  


    𝒃 = 𝑩 𝒂 𝒔 𝒆


  A =  1 2 ∙ b ∙ h +  1 2 ∙ b ∙ h


  A = b ∙ h  (  1 2 +  1 2 ) = b ∙ h


  𝒉 = 𝑨 𝒍 𝒕 𝒊 𝒕 𝒖 𝒅 𝒆   𝒐 𝒓   𝑯 𝒆 𝒊 𝒈 𝒉 𝒕


  A = 𝒃 ∙ 𝒉


  A = 𝒃 ∙ 𝒉


  𝒉


  𝒉


  𝒉


   𝒃 𝟐


   𝒃 𝟏


   𝒃 𝟐


   𝒃 𝟏


  𝑨 = 𝑨 𝒓 𝒆 𝒂  


    𝒉 = 𝒉 𝒆 𝒊 𝒈 𝒉 𝒕


  A =  1 2 ∙  𝒃 𝟏 ∙ h +  1 2 ∙  𝒃 𝟐 ∙ h


  𝑨 =  𝟏 𝟐 ∙ 𝒉  (  𝒃 𝟏 +  𝒃 𝟐 )


                            𝒃 𝟏 = 𝑴 𝒊 𝒏 𝒐 𝒓   𝑩 𝒂 𝒔 𝒆


                              𝒃 𝟐 = 𝑴 𝒂 𝒋 𝒐 𝒓   𝑩 𝒂 𝒔 𝒆
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  b


  b


  b


  b


  b


  h


  h


  h


  h


  h


  h


  b


  b


  b


  b


  b


  b


  h


  b


  b


  b


  → E q u i l a t e r a l   ∆   w i t h   S i d e   " b "


  I f    { R e g u l a r   C o n v e x   P o l y g o n }


  t h e n    { 𝒉 = 𝒉 𝒆 𝒊 𝒈 𝒉 𝒕 → 𝒂 = 𝑨 𝒑 𝒐 𝒕 𝒉 𝒆 𝒎 }


    𝑷 𝒆 𝒓 𝒊 𝒎 𝒆 𝒕 𝒆 𝒓  𝑹 𝒆 𝒈 𝒖 𝒍 𝒂 𝒓   𝑪 𝒐 𝒏 𝒗 𝒆 𝒙   𝑷 𝒐 𝒍 𝒚 𝒈 𝒐 𝒏


  P = b + b + b + b + b + b


  A =  1 2 ∙ h b +  1 2 ∙ h b +  1 2 ∙ h b +  1 2 ∙ h b +  1 2 ∙ h b +  1 2 ∙ h b


  →     A =  1 2 ∙ h  ( b + b + b + b + b + b ) =  1 2 ∙ P ∙ h


  A r e a =  𝟏 𝟐 ∙ 𝑷 ∙ 𝒂


  𝑴 =  𝟏 𝟐 ∙  (  𝒃 𝟏 +  𝒃 𝟐 )


  𝑴 = 𝑴 𝒆 𝒅 𝒊 𝒂 𝒏


  𝒂


  𝒓


  𝒃


  A =  1 2 ∙  (    d 1 2 ∙    d 2 2 ) +  1 2 ∙  (    d 1 2 ∙    d 2 2 ) +  1 2 ∙  (    d 1 2 ∙    d 2 2 ) +  1 2 ∙  (    d 1 2 ∙    d 2 2 )


  ∆   A r e a   F o r m u l a :


  A =  1 2 ∙ b ∙ h


  s


  s


  s


  s


   d 1


   d 2


     d 2 2


     d 1 2


     d 2 2


     d 1 2


  A = 4 ∙  [  1 2 ∙  (    d 1 2 ∙    d 2 2 ) ]


  =  4 2 ∙  (    d 1 2 ∙    d 2 2 )


  = 2 ∙  (    d 1 2 ∙    d 2 2 ) =  𝟏 𝟐 ∙  (  𝒅 𝟏 ∙  𝒅 𝟐 )


  A = A r e a  


  𝑨 =  𝟏 𝟐 ∙  (  𝒅 𝟏 ∙  𝒅 𝟐 )


   d 2 = S m a l l   D i a g o n a l


   d 1 = L a r g e   D i a g o n a l


  𝑹 𝒉 𝒐 𝒎 𝒃 𝒖 𝒔   𝑨 𝒓 𝒆 𝒂 :


  𝑹 𝒉 𝒐 𝒎 𝒃 𝒖 𝒔


  r a d i u s


  𝒓


  P e r i m e t e r   o f   a ⊙ :


  P = 2 ∙ 𝜋 ∙ r


  S e m i − P e r i m e t e r :


  P =   2 ∙ 𝜋 ∙ r 2 = 𝜋 ∙ r


  𝜋 ∙ r


  𝜋 ∙ r


  𝒓


  𝒓


  𝜋 ∙ r


  𝜋 ∙ r


  b = 𝝅 ∙ 𝒓


  h = 𝒓


  𝑨 𝒓 𝒆 𝒂   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆 :


  𝑨 = 𝝅 ∙  𝒓 𝟐


  P e r f o r m i n g   s u c c e s i v e   e q u a l  


  a r e a   s e c t o r   p a r t i t i o n s   a n d   r e a r r a n g i n g :


  A r e a   P a r a l l e l o g r a m :


  A         = b ∙ h = 𝝅 ∙  𝒓 𝟐 = 𝑨


  𝒉


  𝒓


  𝒍


  𝒍


  𝒓


  𝑨 𝒓 𝒆 𝒂   𝒐 𝒇   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆


  ( 𝑪 𝒐 𝒏 𝒕 𝒂 𝒊 𝒏 𝒊 𝒏 𝒈   𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂 )


  𝑪 𝒐 𝒏  𝒆 ′ 𝒔   𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂


   ( 𝒂 𝒓 𝒆 𝒂   𝒐 𝒇   𝒔 𝒆 𝒄 𝒕 𝒐 𝒓 )


  𝑪 𝒊 𝒓 𝒄 𝒖 𝒎 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆   𝒐 𝒇   𝑪 𝒐 𝒏 𝒆 ’ 𝒔   𝑩 𝒂 𝒔 𝒆


  𝑩 𝒂 𝒔 𝒆   𝑨 𝒓 𝒆 𝒂   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆


    𝑪 𝒐 𝒏  𝒆 ′ 𝒔   𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂     𝑻 𝒐 𝒕 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆    ( 𝑪 𝒐 𝒏 𝒕 𝒂 𝒊 𝒏 𝒊 𝒏 𝒈   𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂 ) =   𝑪 𝒐 𝒏  𝒆 ′ 𝒔   𝑩 𝒂 𝒔 𝒆   𝑪 𝒊 𝒓 𝒄 𝒖 𝒎 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆     𝑻 𝒐 𝒕 𝒂 𝒍   𝑪 𝒊 𝒓 𝒄 𝒖 𝒎 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆    ( 𝑪 𝒐 𝒏 𝒕 𝒂 𝒊 𝒏 𝒊 𝒏 𝒈   𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂 )  


    𝑪 𝒐 𝒏  𝒆 ′ 𝒔   𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂  𝝅 ∙  𝒍 𝟐 =   𝟐 ∙ 𝝅 ∙ 𝒓  𝟐 ∙ 𝝅 ∙ 𝒍  


    𝑪 𝒐 𝒏  𝒆 ′ 𝒔   𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂  𝝅 ∙ 𝒍 = 𝒓


  𝑪 𝒐 𝒏  𝒆 ′ 𝒔   𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂 = 𝝅 ∙ 𝒓 ∙ 𝒍


  𝑻 𝒐 𝒕 𝒂 𝒍   𝑺 𝒖 𝒓 𝒇 𝒂 𝒄 𝒆   𝑨 𝒓 𝒆 𝒂 :


  𝑺 . 𝑨 . = 𝑪 𝒊 𝒓 𝒄 𝒍 𝒆   𝑩 𝒂 𝒔 𝒆   𝑨 𝒓 𝒆 𝒂 + 𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂


  𝑺 . 𝑨 . = 𝝅 ∙  𝒓 𝟐 + 𝝅 ∙ 𝒓 ∙ 𝒍


  B = C i r c l e   B a s e   A r e a


  l = S l a n t   H e i g h t


  h = H e i g h t   o r   A l t i t u d e


  r = R a d i u s


  𝑪 𝒐 𝒏  𝒆 ′ 𝒔   𝑺 𝒖 𝒓 𝒇 𝒂 𝒄 𝒆   𝑨 𝒓 𝒆 𝒂 :


  𝜋 ∙  r 2


  𝜋 ∙  r 2


  2 ∙ 𝜋 ∙ r


  2 ∙ 𝜋 ∙ l


  𝜋 ∙  l 2


     𝑻 𝒐 𝒕 𝒂 𝒍   𝑪 𝒊 𝒓 𝒄 𝒖 𝒎 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆    ( 𝑪 𝒐 𝒏 𝒕 𝒂 𝒊 𝒏 𝒊 𝒏 𝒈   𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂 )


  C y l i n d e r   V o l u m e :


  𝑽 = 𝑩 ∙ 𝒉


  W h e r e :


  B = A r e a   C i r c l e   B a s e


  h = h e i g h t


  V = V o l u m e


  V o l u m e   o f   a   c o n e


  f i t s   t h r e e   t i m e s   i n   t h e  


  v o l u m e   o f   a   c y l i n d e r   w i t h  


  c o n g r u e n t   c i r c l e s   a t  


  t h e i r   b a s e s   a n d   s a m e   h e i g h t .


  C o n e   V o l u m e :


  𝑽 =  𝟏 𝟑 ∙ 𝑩 ∙ 𝒉


  W h e r e :


  B = A r e a   C i r c l e   B a s e


  h = h e i g h t


  V = V o l u m e


  𝒃


  𝒉


  𝒍


    P e r i m e t e r  h e x a g o n   ( c o n v e x   p o l y g o n )


  P = b + b + b + b + b + b


  𝒂


  𝒓


  𝒃


    𝑳 𝒂 𝒕 𝒆 𝒓 𝒂 𝒍   𝑨 𝒓 𝒆 𝒂    𝒑 𝒚 𝒓 𝒂 𝒎 𝒊 𝒅 :


  L . A . =  1 2 ∙ P e r i m e t e r ∙ S l a n t   h e i g h t


  𝑳 . 𝑨 . =  𝟏 𝟐 ∙ 𝑷 ∙ 𝒍


    𝑻 𝒐 𝒕 𝒂 𝒍   𝑺 𝒖 𝒓 𝒇 𝒂 𝒄 𝒆   𝑨 𝒓 𝒆 𝒂    𝒑 𝒚 𝒓 𝒂 𝒎 𝒊 𝒅 :


  S . A . = L a t e r a l   A r e a + B a s e   A r e a


                                  𝑺 . 𝑨 . =  𝟏 𝟐 ∙ 𝑷 ∙ 𝒍 +


   𝟏 𝟐 ∙ 𝑷 ∙ 𝒂


  b


  b


  b


  b


  b


  l


  l


  l


  l


  l


  l


  b


  b


  b


  b


  b


  b


  L . A . =  1 2 ∙ l ∙ b +  1 2 ∙ l ∙ b +  1 2 ∙ l ∙ b +  1 2 ∙ l ∙ b +  1 2 ∙ l ∙ b +  1 2 ∙ l ∙ b


  →     L . A . =  1 2 ∙ l ∙  ( b + b + b + b + b + b ) =  𝟏 𝟐 ∙ 𝑷 ∙ 𝒍


  B =  1 2 ∙ a ∙ b +  1 2 ∙ a ∙ b +  1 2 ∙ a ∙ b +  1 2 ∙ a ∙ b +  1 2 ∙ a ∙ b +  1 2 ∙ a ∙ b


  →     B =  1 2 ∙ a ∙  ( b + b + b + b + b + b )


  B =  𝟏 𝟐 ∙ 𝑷 ∙ 𝒂


    𝑩 𝒂 𝒔 𝒆   𝑨 𝒓 𝒆 𝒂    𝒉 𝒆 𝒙 𝒂 𝒈 𝒐 𝒏 :


  b


  b


  b


  b


  b


  r = R a d i u s


  B = B a s e   A r e a


  l = S l a n t − h e i g h t


  h = h e i g h t   o r   A l t i t u d e


  a = A p o t h e m


  L a t e r a l   A r e a   m a d e   u p   o f   I s o s c e l e s    ∆ ′ s


  𝒂


  𝒂


  𝒂


  𝒂


  𝒂


  𝒂


  𝒂


   ∆ ′ 𝒔


   ∆ ′ 𝒔


   ∆ ′ 𝒔


  P r i s m   V o l u m e :


  𝑽 = 𝑩 ∙ 𝒉


  W h e r e :


  B = A r e a   B a s e   P o l y g o n  


  h = h e i g h t


  V = V o l u m e


  V o l u m e   o f   a   p y r a m i d


  f i t s   t h r e e   t i m e s   i n   t h e  


  v o l u m e   o f   a   p r i s m   w i t h  


  c o n g r u e n t   p o l y g o n s   a t  


  t h e i r   b a s e s   a n d   s a m e   h e i g h t .


  P y r a m i d   V o l u m e :


  𝑽 =  𝟏 𝟑 ∙ 𝑩 ∙ 𝒉


  W h e r e :


  B = A r e a   B a s e   P o l y g o n  


  h = h e i g h t


  V = V o l u m e


  𝑺 𝑷 𝑯 𝑬 𝑹 𝑬


  𝒓


  𝒅


  𝑺 𝒑 𝒉 𝒆 𝒓 𝒆   𝑺 𝒖 𝒓 𝒇 𝒂 𝒄 𝒆   𝑨 𝒓 𝒆 𝒂 :


  𝑺 . 𝑨 . = 𝟒 ∙ 𝝅 ∙  𝒓 𝟐


  𝑺 𝒑 𝒉 𝒆 𝒓 𝒆   𝑽 𝒐 𝒍 𝒖 𝒎 𝒆 :


  𝑽 =  𝟒 𝟑 ∙ 𝝅 ∙  𝒓 𝟑


  𝑾 𝒉 𝒆 𝒓 𝒆 :


  𝒓 = 𝑹 𝒂 𝒅 𝒊 𝒖 𝒔


  𝒅 = 𝑫 𝒊 𝒂 𝒎 𝒆 𝒕 𝒆 𝒓


  𝒅 = 𝟐 ∙ 𝒓


  𝒐 𝒓


  𝒓 =  𝟏 𝟐 ∙ 𝒅


  𝑺 . 𝑨 . = 𝑺 𝒖 𝒓 𝒇 𝒂 𝒄 𝒆   𝑨 𝒓 𝒆 𝒂


  𝑽 = 𝑽 𝒐 𝒍 𝒖 𝒎 𝒆


  𝑺 𝑷 𝑯 𝑬 𝑹 𝑬   𝑭 𝑬 𝑨 𝑻 𝑼 𝑹 𝑬 𝑺


  𝑻 𝒂 𝒏 𝒈 𝒆 𝒏 𝒕


  𝑺 𝒆 𝒄 𝒂 𝒏 𝒕


  𝑪 𝒉 𝒐 𝒓 𝒅


  𝑫 𝒊 𝒂 𝒎 𝒆 𝒕 𝒆 𝒓


   ( 𝒎 𝒂 𝒋 𝒐 𝒓   𝒄 𝒉 𝒐 𝒓 𝒅 )


  𝑹 𝒂 𝒅 𝒊 𝒖 𝒔


  𝑴 𝒂 𝒋 𝒐 𝒓   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆


  𝑴 𝒊 𝒏 𝒐 𝒓   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆


  𝒕 𝒉 𝒆 𝒏      {    𝒕 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆   𝒐 𝒇   𝒕 𝒉 𝒆   𝒂 𝒏 𝒈 𝒍 𝒆   𝒆 𝒒 𝒖 𝒂 𝒍 𝒔     𝒐 𝒏 𝒆 − 𝒉 𝒂 𝒍 𝒇     𝒕 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆   𝒐 𝒇   𝒊 𝒕 𝒔   𝒊 𝒏 𝒕 𝒆 𝒓 𝒄 𝒆 𝒑 𝒕 𝒆 𝒅   𝒂 𝒓 𝒄 .   }  


  𝑳


  𝑴


  𝑲


  𝑰 𝒇  { 𝒂 𝒏   𝒂 𝒏 𝒈 𝒍 𝒆   𝒊 𝒔   𝒊 𝒏 𝒔 𝒄 𝒓 𝒊 𝒃 𝒆 𝒅   𝒊 𝒏   𝒂   𝒄 𝒊 𝒓 𝒄 𝒍 𝒆 }


  m ∠ 𝑲 𝑳 𝑴 =  1 2 m   K L   ^  


  𝑶


  𝑳


  𝑴


  𝑲


  ∠ 𝑲 𝑴 𝑳 → 𝑰 𝒏 𝒔 𝒄 𝒓 𝒊 𝒃 𝒆 𝒅   𝑨 𝒏 𝒈 𝒍 𝒆 =  {    𝑽 𝒆 𝒓 𝒕 𝒆 𝒙   𝒊 𝒔   𝒐 𝒏   𝒕 𝒉 𝒆   ⊙   𝑹 𝒂 𝒚 𝒔   𝒂 𝒓 𝒆   𝒄 𝒉 𝒐 𝒓 𝒅 𝒔   𝒊 𝒏   ⊙


    K L ^ → 𝑰 𝒏 𝒕 𝒆 𝒓 𝒔 𝒆 𝒄 𝒕 𝒆 𝒅   𝒂 𝒓 𝒄   𝒘 𝒊 𝒕 𝒉   𝒔 𝒖 𝒃 𝒕 𝒆 𝒏 𝒅 𝒆 𝒅   𝒄 𝒉 𝒐 𝒓 𝒅     𝑲 𝑳 -  


  𝑶


  ∠ 𝑲 𝑶 𝑳 → 𝑪 𝒆 𝒏 𝒕 𝒓 𝒂 𝒍   𝑨 𝒏 𝒈 𝒍 𝒆 =  {    𝑽 𝒆 𝒓 𝒕 𝒆 𝒙   𝒐 𝒏   𝒄 𝒆 𝒏 𝒕 𝒆 𝒓   𝒐 𝒇 ⊙   𝑹 𝒂 𝒚 𝒔   𝒂 𝒓 𝒆   𝑹 𝒂 𝒅 𝒊 𝒊   𝒊 𝒏   ⊙


  m ∠ 𝑲 𝑶 𝑳 = m   K L   ^ →  {    m e a s 𝒖 𝒓 𝒆 𝒎 𝒆 𝒏 𝒕   𝒐 𝒇   𝒄 𝒆 𝒏 𝒕 𝒓 𝒂 𝒍   ∠   𝒊 𝒔   𝒆 𝒒 𝒖 𝒂 𝒍   𝒕 𝒐     𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆 𝒎 𝒆 𝒏 𝒕   𝒐 𝒇   𝒊 𝒏 𝒕 𝒆 𝒓 𝒔 𝒆 𝒄 𝒆 𝒅   𝒂 𝒓 𝒄 }    


  m   F O ^ =  130 O → A n g u l a r   m e a s u r e m e n t   f o r     F O ^


  F O = 2 ∙ 𝜋 ∙ 𝟏 2 ∙  (    130 O   360 O ) → l i n e a r   u n i t s   f o r     F O ^


  m   E N ^ =  130 O → A n g u l a r   m e a s u r e m e n t   f o r     E N ^


  E N = 2 ∙ 𝜋 ∙ 𝟏 𝟎 ∙  (    130 O   360 O ) → l i n e a r   u n i t s   f o r     E N ^


  m   D M ^ =  130 O → A n g u l a r   m e a s u r e m e n t   f o r     D M ^


  M = 2 ∙ 𝜋 ∙ 𝟖 ∙  (    130 O   360 O ) → l i n e a r   u n i t s   f o r     D M ^


  →  {    𝑨 𝒓  𝒄 ′ 𝒔   𝒍 𝒆 𝒏 𝒈 𝒕 𝒉   𝒊 𝒔   𝒅 𝒆 𝒕 𝒆 𝒓 𝒎 𝒊 𝒏 𝒆 𝒅   𝒃 𝒚   𝒕 𝒉 𝒆   𝒑 𝒓 𝒐 𝒑 𝒐 𝒓 𝒕 𝒊 𝒐 𝒏     𝒐 𝒇   𝒊 𝒕 𝒔   𝒂 𝒏 𝒈 𝒖 𝒍 𝒂 𝒓   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆 𝒎 𝒆 𝒏 𝒕   𝒓 𝒆 𝒔 𝒑 𝒆 𝒄 𝒕       𝒕 𝒉 𝒆   𝒕 𝒐 𝒕 𝒂 𝒍   𝒅 𝒆 𝒈 𝒓 𝒆 𝒆 𝒔   𝒊 𝒏   𝒕 𝒉 𝒆   𝒄 𝒊 𝒓 𝒄 𝒖 𝒎 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆 .   𝑨 𝒏 𝒈 𝒖 𝒍 𝒂 𝒓   𝒖 𝒏 𝒊 𝒕 𝒔   𝒎 𝒂 𝒚   𝒃 𝒆   𝒊 𝒏   𝑫 𝒆 𝒈 𝒓 𝒆 𝒆 𝒔   𝒐 𝒓   𝑹 𝒂 𝒅 𝒊 𝒂 𝒏 𝒔   }


  𝑨 𝒓  𝒄 ′ 𝒔   𝑳 𝒆 𝒏 𝒈 𝒕 𝒉 = 𝟐 ∙ 𝝅 ∙ 𝒓 ∙  (    𝜽 𝑶    𝟑 𝟔 𝟎 𝑶 )


  𝑨 𝒓  𝒄 ′ 𝒔   𝑳 𝒆 𝒏 𝒈 𝒕 𝒉   𝒗 𝒔   𝑨 𝒓  𝒄 ′ 𝒔   𝑨 𝒏 𝒈 𝒖 𝒍 𝒂 𝒓   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆 𝒎 𝒆 𝒏 𝒕


  𝑪 𝒊 𝒓 𝒄 𝒍 𝒆 𝒔 :   𝑨 𝒓 𝒄 𝒔 ,   𝑪 𝒉 𝒐 𝒓 𝒅 𝒔 ,   𝑺 𝒆 𝒄 𝒂 𝒏 𝒕 𝒔   𝒂 𝒏 𝒅   𝑻 𝒂 𝒏 𝒈 𝒆 𝒏 𝒕 𝒔


  𝑻 𝒘 𝒐   𝑪 𝒉 𝒐 𝒓 𝒅 𝒔   𝑰 𝒏 𝒕 𝒆 𝒓 𝒔 𝒆 𝒄 𝒕 𝒊 𝒏 𝒈   𝒊 𝒏   𝒂   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆


  𝑻 𝒘 𝒐   𝑻 𝒂 𝒏 𝒈 𝒆 𝒕 𝒔   𝑰 𝒏 𝒕 𝒆 𝒓 𝒔 𝒆 𝒄 𝒕 𝒊 𝒏 𝒈   𝒊 𝒏   𝒂   𝑷 𝒐 𝒊 𝒏 𝒕   𝒂 𝒕   𝒕 𝒉 𝒆   𝑬 𝒙 𝒕 𝒆 𝒓 𝒊 𝒐 𝒓   𝒐 𝒇   𝒂   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆


  𝑨   𝑻 𝒂 𝒏 𝒈 𝒆 𝒕   𝒂 𝒏 𝒅   𝒂   𝑺 𝒆 𝒄 𝒂 𝒏 𝒕   𝑰 𝒏 𝒕 𝒆 𝒓 𝒔 𝒆 𝒄 𝒕 𝒊 𝒏 𝒈   𝒊 𝒏   𝒂   𝑷 𝒐 𝒊 𝒏 𝒕   𝒂 𝒕   𝒕 𝒉 𝒆   𝑬 𝒙 𝒕 𝒆 𝒓 𝒊 𝒐 𝒓   𝒐 𝒇   𝒂   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆


  𝑻 𝒘 𝒐   𝑺 𝒆 𝒄 𝒂 𝒏 𝒕 𝒔   𝑰 𝒏 𝒕 𝒆 𝒓 𝒔 𝒆 𝒄 𝒕   𝒊 𝒏   𝒕 𝒉 𝒆   𝑰 𝒏 𝒕 𝒆 𝒓 𝒊 𝒐 𝒓   𝒐 𝒇   𝒂   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆


  𝑻 𝒘 𝒐   𝒕 𝒂 𝒏 𝒈 𝒆 𝒏 𝒕 𝒔


  𝑺 𝒆 𝒄 𝒂 𝒏 𝒕   𝒂 𝒏 𝒅   𝒂   𝒕 𝒂 𝒏 𝒈 𝒆 𝒏 𝒕


  𝑻 𝒘 𝒐   𝒔 𝒆 𝒄 𝒂 𝒏 𝒕 𝒔


  𝑴


  𝑲


  𝑳


  𝑵


  𝑹


  𝑸


  𝑻


  𝑺


  𝑪


  𝑨


  𝑩


  𝑫


  𝑬


  𝒎 ∠ 𝑳 𝑲 𝑴 =  𝟏 𝟐  | 𝒎   𝑳 𝑵 𝑴 ^ − 𝒎   𝑳 𝑴 ^ |


  𝒎 ∠ 𝑻 𝑸 𝑹 =  𝟏 𝟐  | 𝒎   𝑺 𝑹 ^ − 𝒎   𝑻 𝑹 ^ |


  𝒎 ∠ 𝑩 𝑨 𝑪 =  𝟏 𝟐  | 𝒎   𝑫 𝑬 ^ − 𝒎   𝑩 𝑪 ^ |


  𝑰 𝒇    {    𝒕 𝒘 𝒐   𝒔 𝒆 𝒄 𝒂 𝒏 𝒕 𝒔 ,   𝒂   𝒔 𝒆 𝒄 𝒂 𝒏 𝒕   𝒂 𝒏 𝒅   𝒂   𝒕 𝒂 𝒏 𝒈 𝒆 𝒏 𝒕 ,   𝒐 𝒓   𝒕 𝒘 𝒐   𝒕 𝒂 𝒏 𝒈 𝒆 𝒏 𝒕 𝒔     𝒊 𝒏 𝒕 𝒆 𝒓 𝒔 𝒆 𝒄 𝒕   𝒊 𝒏   𝒕 𝒉 𝒆   𝒆 𝒙 𝒕 𝒆 𝒓 𝒊 𝒐 𝒓   𝒐 𝒇   𝒂   𝒄 𝒊 𝒓 𝒄 𝒍 𝒆 }  


  𝒕 𝒉 𝒆 𝒏    {      𝒕 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆   𝒐 𝒇   𝒕 𝒉 𝒆   𝒇 𝒐 𝒓 𝒎 𝒆 𝒅   𝒂 𝒏 𝒈 𝒍 𝒆   𝒊 𝒔     𝒕 𝒉 𝒆   𝒂 𝒃 𝒔 𝒐 𝒍 𝒖 𝒕 𝒆   𝒗 𝒂 𝒍 𝒖 𝒆   𝒐 𝒇 𝒐 𝒏 𝒆 − 𝒉 𝒂 𝒍 𝒇   𝒕 𝒉 𝒆   𝒅 𝒊 𝒇 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆   𝒐 𝒇   𝒕 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆 𝒔 𝒐 𝒇   𝒕 𝒉 𝒆   𝒊 𝒏 𝒕 𝒆 𝒓 𝒄 𝒆 𝒑 𝒕 𝒆 𝒅   𝒂 𝒓 𝒄 𝒔   𝒐 𝒓   𝒕 𝒉 𝒆 𝒊 𝒓   𝒑 𝒐 𝒔 𝒊 𝒕 𝒊 𝒗 𝒆   𝒔 𝒆 𝒎 𝒊 − 𝒅 𝒊 𝒇 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆 . }


  𝑰 𝒇    { ∠ 𝑨 𝑫 𝑩   𝒂 𝒏 𝒅   ∠ 𝑩 𝑬 𝑨     𝒊 𝒏 𝒕 𝒆 𝒓 𝒄 𝒆 𝒑 𝒕       𝑨 𝑩 ^ }


    𝒕 𝒉 𝒆 𝒏  { ∠ 𝑨 𝑫 𝑩   ≅ ∠ 𝑩 𝑬 𝑨 }  


  𝑰 𝒇  {    𝑻 𝒘 𝒐   𝒊 𝒏 𝒔 𝒄 𝒓 𝒊 𝒃 𝒆 𝒅   𝒂 𝒏 𝒈 𝒍 𝒆 𝒔   𝒐 𝒇   𝒂   𝒄 𝒊 𝒓 𝒄 𝒍 𝒆   𝒐 𝒓   𝒄 𝒐 𝒏 𝒈 𝒓 𝒖 𝒆 𝒏 𝒕       𝒄 𝒊 𝒓 𝒄 𝒍 𝒆 𝒔   𝒊 𝒏 𝒕 𝒆 𝒓 𝒄 𝒆 𝒑 𝒕   𝒄 𝒐 𝒏 𝒈 𝒓 𝒖 𝒆 𝒏 𝒕   𝒂 𝒓 𝒄 𝒔 ,   𝒐 𝒓   𝒕 𝒉 𝒆   𝒔 𝒂 𝒎 𝒆   𝒂 𝒓 𝒄   }


    𝒕 𝒉 𝒆 𝒏    {   𝑻 𝒉 𝒆   𝒂 𝒏 𝒈 𝒍 𝒆 𝒔   𝒂 𝒓 𝒆   𝒄 𝒐 𝒏 𝒈 𝒓 𝒖 𝒆 𝒏 𝒕   }


  A   s e t     o f    ⊙ ′ s   s h a r i n g   t h e   s a m e


  c e n t e r   a r e   𝑪 𝑶 𝑵 𝑪 𝑬 𝑵 𝑻 𝑹 𝑰 𝑪   a n d


  a l l    ⊙ ′ s     a r e   ~


  s i n c e   t h e y   h a v e   s a m e   s h a p e   a n d


  e q u a l   s i z e   o r   d i f f e r e n t   S i z e s


    𝒂 : 𝒃  


  w h e r e   𝒂 ≠ 𝒃   o r   a = b   a n d   " 𝒂 "   a n d   " 𝒃 "   a r e   𝒓 𝒂 𝒅 𝒊 𝒊


  i f    { 𝒂 = 𝒃 }   t h e n    { 𝒕 𝒉 𝒆 𝒚   𝒂 𝒓 𝒆   ~   𝒂 𝒏 𝒅   ≅ }


  i f    { 𝒂 ≠ 𝒃 }   t h e n    { 𝒕 𝒉 𝒆 𝒚   𝒂 𝒓 𝒆   𝒐 𝒏 𝒍 𝒚   ~ 𝒂 𝒏 𝒅   ≅ }


  Q u a d r i l a t e r a l   A B C D   i s   𝒊 𝒏 𝒔 𝒄 𝒓 𝒊 𝒃 𝒆 𝒅   t o   c i r c l e   P .


  Q u a d r i l a t e r a l   E F G H   i s   𝒄 𝒊 𝒓 𝒄 𝒖 𝒎 𝒔 𝒄 𝒓 𝒊 𝒃 𝒆 𝒅  


  t o   c i r c l e   Q ,   h a v i n g   s i d e s   t o   b e  


  T A N G E N T   a t   p o i n t s   K ,   L ,   M   a n d   N .


  𝒈


  𝑳 𝒊 𝒏 𝒆   𝒈   𝒊 𝒔   𝑻 𝑨 𝑵 𝑮 𝑬 𝑵 𝑻   𝒕 𝒐   𝒄 𝒊 𝒓 𝒄 𝒍 𝒆   𝑿   𝒂 𝒕   𝒑 𝒐 𝒊 𝒏 𝒕   𝑹 .


  𝑰 𝒏 𝒔 𝒄 𝒓 𝒊 𝒃 𝒆 𝒅   𝒗 𝒔   𝑪 𝒊 𝒓 𝒄 𝒖 𝒎 𝒔 𝒄 𝒓 𝒊 𝒃 𝒆 𝒅


    𝟕 𝟐 𝒐


    𝟕 𝟐 𝒐


    𝟕 𝟐 𝒐


  𝟕 𝟐  𝒐 𝒐


    𝟕 𝟐 𝒐


    𝟏 𝟎 𝟖 𝒐


    𝟏 𝟎 𝟖 𝒐


    𝟏 𝟎 𝟖 𝒐


    𝟏 𝟎 𝟖 𝒐


    𝟏 𝟎 𝟖 𝒐


    𝟕 𝟒 . 𝟓 𝒐


    𝟏 𝟒 𝟐 . 𝟑 𝒐


    𝟏 𝟏 𝟒 . 𝟑 𝒐


    𝟗 𝟓 . 𝟔 𝒐


    𝟏 𝟏 𝟑 . 𝟒 𝒐


    𝟏 𝟎 𝟓 . 𝟓 𝒐


    𝟔 𝟔 . 𝟔 𝒐


    𝟑 𝟕 . 𝟕 𝒐


    𝟖 𝟒 . 𝟒 𝒐


    𝟔 𝟓 . 𝟕 𝒐


  E x t e r i o r   S u m =   𝟔 𝟓 . 𝟕 𝒐 +   𝟔 𝟔 . 𝟔 𝒐 +   𝟖 𝟒 . 𝟒 𝒐 +   𝟏 𝟎 𝟓 . 𝟓 𝒐 +   𝟑 𝟕 . 𝟕 𝒐


  I n t e r i o r   S u m =   𝟏 𝟏 𝟒 . 𝟑 𝒐 +   𝟏 𝟏 𝟑 . 𝟒 𝒐 +   𝟗 𝟓 . 𝟔 𝒐 +   𝟕 𝟒 . 𝟓 𝒐 +   𝟏 𝟒 𝟐 . 𝟑 𝒐


  E x t e r i o r   S u m =   𝟑 𝟔 𝟎 𝒐


  I n t e r i o r   S u m =   𝟓 𝟒 𝟎 𝒐


  E x t e r i o r   S u m =   𝟕 𝟐 𝒐 +   𝟕 𝟐 𝒐 +   𝟕 𝟐 𝒐 +   𝟕 𝟐 𝒐 +   𝟕 𝟐 𝒐


  I n t e r i o r   S u m =   𝟏 𝟎 𝟖 𝒐 +   𝟏 𝟎 𝟖 𝒐 +   𝟏 𝟎 𝟖 𝒐 +   𝟏 𝟎 𝟖 𝒐 +   𝟏 𝟎 𝟖 𝒐


  E x t e r i o r   S u m =   𝟑 𝟔 𝟎 𝒐


  I n t e r i o r   S u m =   𝟓 𝟒 𝟎 𝒐


  𝑰 𝒓 𝒓 𝒆 𝒈 𝒖 𝒍 𝒂 𝒓   𝒗 𝒔   𝑹 𝒆 𝒈 𝒖 𝒍 𝒂 𝒓


  ( 𝒄 𝒐 𝒏 𝒗 𝒆 𝒙   𝒑 𝒐 𝒍 𝒚 𝒈 𝒐 𝒏 𝒔 )


  𝑹 𝒆 𝒈 𝒖 𝒍 𝒂 𝒓


  𝑰 𝒓 𝒓 𝒆 𝒈 𝒖 𝒍 𝒂 𝒓


  C o n c a v e   P o l y g o n


  C o n v e x   P o l y g o n


  I f    {    E x t e n d i n g   t h e   s i d e s   o f   a   p o l y g o n     b e y o n d   t h e   i n t e r s e c t i o n   e n d p o i n t s     o f   c o n s e c u t i v e   s i d e s   t h e   𝒆 𝒙 𝒕 𝒆 𝒏 𝒅 𝒊 𝒏 𝒈   𝒍 𝒊 𝒏 𝒆 𝒔     𝒈 𝒐   𝒕 𝒉 𝒓 𝒐 𝒖 𝒈 𝒉   𝒕 𝒉 𝒆   𝒊 𝒏 𝒕 𝒆 𝒓 𝒊 𝒐 𝒓   𝒐 𝒇   𝒕 𝒉 𝒆   𝒑 𝒐 𝒍 𝒚 𝒈 𝒐 𝒏   }   t h e n      { I t   i s   a   𝑪 𝒐 𝒏 𝒄 𝒂 𝒗 𝒆   𝑷 𝒐 𝒍 𝒚 𝒈 𝒐 𝒏 }


  I f    {    E x t e n d i n g   t h e   s i d e s   o f   a   p o l y g o n     b e y o n d   t h e   i n t e r s e c t i o n   e n d p o i n t s     o f   c o n s e c u t i v e   s i d e s   t h e   𝒆 𝒙 𝒕 𝒆 𝒏 𝒅 𝒊 𝒏 𝒈   𝒍 𝒊 𝒏 𝒆 𝒔     𝒅 𝒐   𝒏 𝒐 𝒕   𝒈 𝒐   𝒕 𝒉 𝒓 𝒐 𝒖 𝒈 𝒉   𝒕 𝒉 𝒆   𝒊 𝒏 𝒕 𝒆 𝒓 𝒊 𝒐 𝒓   𝒐 𝒇     𝒕 𝒉 𝒆   𝒑 𝒐 𝒍 𝒚 𝒈 𝒐 𝒏   }   t h e n      { I t   i s   a   𝑪 𝒐 𝒏 𝒗 𝒆 𝒙   𝑷 𝒐 𝒍 𝒚 𝒈 𝒐 𝒏 }


  𝑻 𝒉 𝒆 𝒐 𝒓 𝒆 𝒎   𝒂 𝒃 𝒐 𝒖 𝒕   𝒂 𝒓 𝒄 𝒔   𝒂 𝒏 𝒅   𝑪 𝒉 𝒐 𝒓 𝒅 𝒔 𝒔   𝒂 𝒏 𝒅   𝒊 𝒕 𝒔   𝒄 𝒐 𝒏 𝒗 𝒆 𝒓 𝒔 𝒆


  𝑻 𝒉 𝒆 𝒐 𝒓 𝒆 𝒎   𝒂 𝒃 𝒐 𝒖 𝒕   𝒂 𝒓 𝒄 𝒔   𝒂 𝒏 𝒅   𝑪 𝒉 𝒐 𝒓 𝒅 𝒔 𝒔   𝒂 𝒏 𝒅   𝒊 𝒕 𝒔   𝒄 𝒐 𝒏 𝒗 𝒆 𝒓 𝒔 𝒆


  𝑻 𝒉 𝒆 𝒐 𝒓 𝒆 𝒎   𝒂 𝒃 𝒐 𝒖 𝒕   𝒂   𝑫 𝒊 𝒂 𝒎 𝒆 𝒕 𝒆 𝒓   𝒐 𝒓   𝑹 𝒂 𝒅 𝒊 𝒖 𝒔   𝑰 𝒏 𝒕 𝒆 𝒓 𝒔 𝒆 𝒄 𝒕 𝒊 𝒏 𝒈   𝒂   𝑪 𝒉 𝒐 𝒓 𝒅   𝒊 𝒏   𝒂   𝑹 𝒊 𝒈 𝒉 𝒕   𝑨 𝒏 𝒈 𝒍 𝒆


  𝒕 𝒉 𝒆 𝒏      {      𝒃 𝒐 𝒕 𝒉   𝒕 𝒉 𝒆   𝒄 𝒉 𝒐 𝒓 𝒅   𝒂 𝒏 𝒅   𝒕 𝒉 𝒆   𝒂 𝒓 𝒄   𝒕 𝒐   𝒘 𝒉 𝒊 𝒄 𝒉     𝒕 𝒉 𝒆   𝒄 𝒉 𝒐 𝒓 𝒅   𝒊 𝒔   𝒔 𝒖 𝒃 𝒕 𝒆 𝒏 𝒅 𝒆 𝒅   𝒂 𝒓 𝒆   𝒃 𝒊 𝒔 𝒆 𝒄 𝒕 𝒆 𝒅   𝒃 𝒚   𝒕 𝒉 𝒆     𝒓 𝒂 𝒅 𝒊 𝒖 𝒔   𝒐 𝒓   𝒅 𝒊 𝒂 𝒎 𝒆 𝒕 𝒆 𝒓 . }  


  𝑰 𝒇  {    𝒊 𝒏   𝒂 ⊙   𝒂   𝒄 𝒉 𝒐 𝒓 𝒅   𝒊 𝒔   𝒑 𝒆 𝒓 𝒑 𝒆 𝒏 𝒅 𝒊 𝒄 𝒖 𝒍 𝒂 𝒓   𝒕 𝒐   𝒂   𝒓 𝒂 𝒅 𝒊 𝒖 𝒔   𝒐 𝒓   𝒅 𝒊 𝒂 𝒎 𝒆 𝒕 𝒆 𝒓 }


  𝒕 𝒉 𝒆 𝒏      {    𝒊 𝒏   𝒕 𝒉 𝒆 ⊙ 𝒕 𝒉 𝒆   𝒄 𝒉 𝒐 𝒓 𝒅   𝒊 𝒔   𝒑 𝒆 𝒓 𝒑 𝒆 𝒏 𝒅 𝒊 𝒄 𝒖 𝒍 𝒂 𝒓   𝒕 𝒐   𝒕 𝒉 𝒆   𝒓 𝒂 𝒅 𝒊 𝒖 𝒔   𝒐 𝒓   𝒅 𝒊 𝒂 𝒎 𝒆 𝒕 𝒆 𝒓 }  


  𝒊 𝒇    {      𝒃 𝒐 𝒕 𝒉   𝒕 𝒉 𝒆   𝒄 𝒉 𝒐 𝒓 𝒅   𝒂 𝒏 𝒅   𝒕 𝒉 𝒆   𝒂 𝒓 𝒄   𝒕 𝒐   𝒘 𝒉 𝒊 𝒄 𝒉     𝒕 𝒉 𝒆   𝒄 𝒉 𝒐 𝒓 𝒅   𝒊 𝒔   𝒔 𝒖 𝒃 𝒕 𝒆 𝒏 𝒅 𝒆 𝒅   𝒂 𝒓 𝒆   𝒃 𝒊 𝒔 𝒆 𝒄 𝒕 𝒆 𝒅   𝒃 𝒚   𝒕 𝒉 𝒆     𝒓 𝒂 𝒅 𝒊 𝒖 𝒔   𝒐 𝒓   𝒅 𝒊 𝒂 𝒎 𝒆 𝒕 𝒆 𝒓 . }


  𝑳


  𝑴


  𝑲


  𝑶


  𝑵


  𝑱


  i f      {   K J -   ⊥   L N - }   t h e n    {   N M - ≅   L M -       y         N J ^ ≅   L J ^ }        


  o    


  i f    {   N M - ≅   L M -       y         N J ^ ≅   L J ^ }   t h e n    {  {   K J -   ⊥   L N - } }


  2 ∙ 18  0 o = 2 ∙ 𝜋   R a d i a n s


   360 o = 2 ∙ 𝜋   R a d i a n s


   360 o = 2 ∙ 𝜋   R a d i a n s


  18  0 o = 𝜋   R a d i a n s


  18  0 o = 𝜋


        2     -


        2     -


        𝜋     -


        𝜋     -


  18  0 o = 𝜋


         180 o     -


        180 o -


   1 o =   3 . 14 180 ≈ 0 . 018   R a d i a n s


  57 .  3 o = 1   R a d i a n


  18  0 o = 𝜋


        3 . 14     -


        𝜋     -


  18  0 o = 𝜋


    57 . 3 o = 1   R a d i a n


  𝟏 𝒔 𝒕     𝑹 𝒂 𝒅 𝒊 𝒂 𝒏


    𝑹 𝒂 𝒅 𝒊 𝒂 𝒏


    𝑹 𝒂 𝒅 𝒊 𝒂 𝒏


    𝑹 𝒂 𝒅 𝒊 𝒂 𝒏


    𝑹 𝒂 𝒅 𝒊 𝒂 𝒏


    𝑹 𝒂 𝒅 𝒊 𝒂 𝒏


  0 . 𝟐 𝟖     𝑹 𝒂 𝒅 𝒊 𝒂 𝒏


  𝟐 ∙ 𝝅 = 𝟐 ∙ 𝟑 . 𝟏 𝟒 = 𝟔 . 𝟐 𝟖   𝑹 𝒂 𝒅 𝒊 𝒂 𝒏 𝒔


  ∠ 𝑷 𝑪 𝑴   =   𝟏 𝟔 𝟎 𝒐 → 𝒎   𝑷 𝑴 ^ =   𝟏 𝟔 𝟎 𝒐


  𝑻 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆   𝒐 𝒇   𝒂   𝒎 𝒊 𝒏 𝒐 𝒓   𝒂 𝒓 𝒄   𝒊 𝒔   𝒕 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆  


  𝒐 𝒇   𝒊 𝒕 𝒔   𝒄 𝒆 𝒏 𝒕 𝒓 𝒂 𝒍   𝒂 𝒏 𝒈 𝒍 𝒆 .


  𝑻 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆   𝒐 𝒇   𝒂   𝑺 𝑬 𝑴 𝑰 𝑪 𝑰 𝑹 𝑪 𝑳 𝑬   𝒊 𝒔   𝟏 𝟖 𝟎 𝒐


  𝑻 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆   𝒐 𝒇   𝒂   𝒎 𝒂 𝒋 𝒐 𝒓   𝒂 𝒓 𝒄   𝒊 𝒔   𝟑 𝟔 𝟎 °   𝒎 𝒊 𝒏 𝒖 𝒔  


  𝒕 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆   𝒐 𝒇   𝒊 𝒕 𝒔   𝒄 𝒆 𝒏 𝒕 𝒓 𝒂 𝒍   𝒂 𝒏 𝒈 𝒍 𝒆 .


  ∠ 𝑷 𝑪 𝑴   =   𝟏 𝟔 𝟎 𝒐 → 𝒎   𝑷 𝑼 𝑴 ^ =   𝟑 𝟔 𝟎 𝑶 −   𝟏 𝟔 𝟎 𝒐


  𝒎   𝑺 𝑸 𝑹 ^ =   𝟑 𝟔 𝟎 𝒐


  𝒎   𝑷 𝑼 𝑴 ^ =   𝟐 𝟎 𝟎 𝒐


  𝑴 𝒊 𝒏 𝒐 𝒓   𝒂 𝒓 𝒄 𝒔 ,   𝑴 𝒂 𝒋 𝒐 𝒓   𝑨 𝒓 𝒄 𝒔   𝒂 𝒏 𝒅   𝑺 𝒆 𝒎 𝒊 − 𝑪 𝒊 𝒓 𝒄 𝒍 𝒆  


  𝑻 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆   𝒐 𝒏   𝒂 𝒏   𝒂 𝒓 𝒄   𝒇 𝒐 𝒓 𝒎 𝒆 𝒅   𝒃 𝒚   𝒕 𝒘 𝒐   𝒂 𝒅 𝒋 𝒂 𝒄 𝒆 𝒏 𝒕  


  𝒂 𝒓 𝒄 𝒔   𝒊 𝒔   𝒕 𝒉 𝒆   𝒂 𝒅 𝒅 𝒊 𝒕 𝒊 𝒐 𝒏   𝒐 𝒇   𝒕 𝒉 𝒆   𝒎 𝒆 𝒂 𝒔 𝒖 𝒓 𝒆 𝒔   𝒐 𝒇   𝒕 𝒉 𝒆   𝒕 𝒘 𝒐   𝒂 𝒓 𝒄 𝒔 .


  𝑨 𝒓 𝒄   𝑨 𝒅 𝒅 𝒊 𝒕 𝒊 𝒐 𝒏   𝑷 𝒐 𝒔 𝒕 𝒖 𝒍 𝒂 𝒕 𝒆 :


  𝒎   𝑲 𝑴 ^ = 𝒎   𝑲 𝑳 ^ + 𝒎   𝑳 𝑴 ^


   𝟐


    𝟒 𝟓 𝒐


  sin ⁡ 𝟏 𝟗 ° =


  𝟎 . 𝟑 𝟐 𝟓 𝟔


  cos ⁡ 𝟑 𝟕 ° =


  𝟎 . 𝟕 𝟗 𝟖 𝟔


  tan ⁡ 𝟔 𝟕 ° =


  𝟐 . 𝟑 𝟓 𝟓 𝟗


  𝑨 𝒏 𝒈 𝒍 𝒆   𝒕 𝒐   𝑹 𝒂 𝒕 𝒊 𝒐 :


  𝑹 𝒂 𝒕 𝒊 𝒐   𝒕 𝒐   𝑨 𝒏 𝒈 𝒍 𝒆 :


  asin ⁡ ( 𝟎 . 𝟎 𝟖 𝟕 𝟐 )   =


  𝟓 °


  acos ⁡ (   𝟎 . 𝟗 𝟐 𝟎 𝟓 )   =


  𝟐 𝟑 °


  atan ⁡ ( 𝟗 . 𝟓 𝟏 𝟒 𝟒 )   =


  𝟖 𝟒 °


  𝑹 𝒂 𝒕 𝒊 𝒐   𝒕 𝒐   𝑨 𝒏 𝒈 𝒍 𝒆 :


     sin  − 𝟏 ⁡  ( 𝟎 . 𝟎 𝟖 𝟕 𝟐 ) ⁡ =


  𝟓 °


     cos  − 𝟏 ⁡  (   𝟎 . 𝟗 𝟐 𝟎 𝟓 ) ⁡ =


  𝟐 𝟑 °


     tan  − 𝟏 ⁡  ( 𝟗 . 𝟓 𝟏 𝟒 𝟒 ) ⁡ =


  𝟖 𝟒 °


  𝑻 𝒓 𝒊 𝒈 𝒐 𝒏 𝒐 𝒎 𝒆 𝒕 𝒓 𝒊 𝒄   𝑪 𝒊 𝒓 𝒄 𝒍 𝒆


  𝑼 𝒔 𝒊 𝒏 𝒈   𝒕 𝒉 𝒆   𝒇 𝒊 𝒓 𝒔 𝒕   𝒒 𝒖 𝒂 𝒅 𝒓 𝒂 𝒏 𝒕   𝒕 𝒐  


  𝒈 𝒆 𝒕   𝒂 𝒍 𝒍   𝟔   𝒕 𝒓 𝒊 𝒈 𝒐 𝒏 𝒐 𝒎 𝒆 𝒕 𝒓 𝒊 𝒄   𝒓 𝒂 𝒕 𝒊 𝒐 𝒔


  𝟏 𝟖  𝟎 𝒐 = 𝝅


        𝝅     -


        𝝅     -


  𝟏 𝟖  𝟎 𝒐 = 𝝅


          𝟏 𝟖 𝟎 𝒐     -


        𝟏 𝟖 𝟎 𝒐 -


   𝟏 𝒐 =   𝟑 . 𝟏 𝟒  𝟏 𝟖 𝟎 ≈ 𝟎 . 𝟎 𝟏 𝟖  


  𝑹 𝒂 𝒅 𝒊 𝒂 𝒏 𝒔


  𝟓 𝟕 .  𝟑 𝒐 = 𝟏   𝑹 𝒂 𝒅 𝒊 𝒂 𝒏


  𝟏 𝟖  𝟎 𝒐 = 𝝅


        𝟑 . 𝟏 𝟒     -


        𝝅     -


  𝟏 𝟖  𝟎 𝒐 = 𝝅


    𝒙 = 𝒄 𝒐 𝒔 ⁡   ( 𝜽 )


    𝒚 = 𝒔 𝒊 𝒏 ⁡   ( 𝜽 )


  𝟎 . 𝟏 𝟐 𝟏 𝟗


  𝟎 . 𝟏


  0 . 8910


  0 . 8786


  𝑫 𝒆 𝒈 𝒓 𝒆 𝒆 𝒔


  𝑹 𝒂 𝒅 𝒊 𝒂 𝒏 𝒔


    x − a  X − A =   b − a  B − A


  𝑨


  𝑩


  𝒂


  𝒃


  𝑿


  𝒙


  ← 𝑨 𝑵 𝑮 𝑳 𝑬 𝑺


  ← 𝑹 𝑨 𝑻 𝑰 𝑶 𝑺


  → x = a +  ( X − A )  (   b − a  B − A )


   𝜋 3


   𝝅 𝟒


   𝝅 𝟔


   𝜋 2


  𝑬 𝒇 𝒇 𝒆 𝒄 𝒕 𝒔   𝒐 𝒇   𝒑 𝒂 𝒓 𝒂 𝒎 𝒆 𝒕 𝒆 𝒓 𝒔   𝒊 𝒏   𝒂   𝒕 𝒓 𝒊 𝒈 𝒐 𝒏 𝒐 𝒎 𝒆 𝒕 𝒓 𝒊 𝒄   𝒇 𝒖 𝒏 𝒄 𝒕 𝒊 𝒐 𝒏 :


  𝒇  ( 𝒙 ) = 𝑨 ∙ 𝒄 𝒐 𝒔 ⁡  ( 𝑩 ∙ 𝒙 + 𝑪 ) + 𝑫


    sin   ⁡   ( 𝜋 − x ) =  sin ⁡ x  


    tan   ⁡   ( 𝜋 − x ) =   − tan ⁡ x  


    cos   ⁡   ( 𝜋 − x ) =   − cos ⁡ x  


    cot   ⁡   ( 𝜋 − x ) =     − cot ⁡ x  


    sec   ⁡   ( 𝜋 − x ) =   − s e c ⁡ x  


  sec    ⁡   ( 𝜋 − x ) =  csc ⁡ x  


   𝜋 2


   r 2 =  x 2 +  y 2 ⇒


   1    s i n 2 x =     s i n 2 x    s i n 2 x +     c o s 2 x    s i n 2 x


    c s c 2 x = 1 +   c o t 2 x


   1    c o s 2 x =     s i n 2 x    c o s 2 x +     c o s 2 x    c o s 2 x


    s e c 2 x =   t a n 2 x + 1


  1 =   s i n 2 x +   c o s 2 x


  𝑫 𝒊 𝒔 𝒕 𝒂 𝒏 𝒄 𝒆   𝑭 𝒐 𝒓 𝒎 𝒖 𝒍 𝒂   𝒃 𝒆 𝒕 𝒘 𝒆 𝒆 𝒏     𝒕 𝒘 𝒐   𝒑 𝒐 𝒊 𝒏 𝒕 𝒔   𝒊 𝒏   𝒂   𝒑 𝒍 𝒂 𝒏 𝒆 :


  𝒅 =     (  𝒙 𝟐 −  𝒙 𝟏 ) 𝟐 +    (  𝒚 𝟐 −  𝒚 𝟏 ) 𝟐


   x 2


   x 1


   y 2


   y 1


   |  x 2 −  x 1 | = a


   |  y 2 −  y 1 | = b


    a n d   R e c a l l :


   x 2


   x 1


  𝒃


  𝒂


    D i s t a n c e  a   t o   b =  | 𝒃 − 𝒂 |


   | b − a | =  {    −   ( b − a ) ,      ( b − a ) < 0     ( b − a ) ,        ( b − a ) ≥ 0


  a n d


    x 2 =  | x | =  {    −  x ,     x < 0    x ,     x ≥ 0


    R e c a l l   P y t h a g o r e a n   T h e o r e m :


  C o m b i n i n g   i d e a s   a t   t h e   l e f t :


  D i s t a n c e   b e t w e e n   2   p o i n t s


   (  𝒙 𝟐 ,  𝒚 𝟐 )   𝒂 𝒏 𝒅  (  𝒙 𝟏 ,  𝒚 𝟏 )   i n   t h e   𝒄 𝒐 𝒐 𝒓 𝒅 𝒊 𝒏 𝒂 𝒕 𝒆   𝒑 𝒍 𝒂 𝒏 𝒆 :


   (  𝒙 𝟐 ,  𝒚 𝟐 )


   (  𝒙 𝟏 ,  𝒚 𝟏 )


  𝒅 = 𝑫 𝒊 𝒔 𝒕 𝒂 𝒏 𝒄


  𝑴 𝒊 𝒅 𝒑 𝒐 𝒊 𝒏 𝒕   𝑭 𝒐 𝒓 𝒎 𝒖 𝒍 𝒂   𝒃 𝒆 𝒕 𝒘 𝒆 𝒆 𝒏   𝒕 𝒘 𝒐   𝒑 𝒐 𝒊 𝒏 𝒕 𝒔   𝒊 𝒏   𝒂   𝒑 𝒍 𝒂 𝒏 𝒆 :


   x 2


   x 1


  𝒃


  𝒂


    M i d p o i n t    a   t o   b =   a + b 2


  R e c a l l :


  𝑴


    a + b 2


  M  ( x , y ) =  (    𝒙 𝟏 +  𝒙 𝟐 𝟐 ,    𝒚 𝟏 +  𝒚 𝟐 𝟐 )


  𝑴 𝒊 𝒅 𝒑 𝒐 𝒊 𝒏 𝒕   𝑭 𝒐 𝒓 𝒎 𝒖 𝒍 𝒂   𝒊 𝒏   𝒕 𝒉 𝒆   𝑪 𝒐 𝒐 𝒓 𝒅 𝒊 𝒏 𝒂 𝒕 𝒆   𝑷 𝒍 𝒂 𝒏 𝒆 :


   x 2


   x 1


   y 2


   y 1


   (  𝒙 𝟐 ,  𝒚 𝟐 )


   (  𝒙 𝟏 ,  𝒚 𝟏 )


  𝑴  (    𝒙 𝟏 +  𝒙 𝟐 𝟐 ,    𝒚 𝟏 +  𝒚 𝟐 𝟐 )


     𝒙 𝟏 +  𝒙 𝟐 𝟐


     𝒚 𝟏 +  𝒚 𝟐 𝟐


  𝑪 𝒐 𝒏 𝒊 𝒄 𝒔 : 𝑪 𝒊 𝒓 𝒄 𝒍 𝒆   𝑭 𝒐 𝒓 𝒎 𝒖 𝒍 𝒂


   x 2


   x 1


   (  𝒙 𝟐 ,  𝒚 𝟐 )


   (  𝒙 𝟏 ,  𝒚 𝟏 )


   y 2


   y 1


  𝒓


   |  x 2 −  x 1 |


   |  y 2 −  y 1 |


     (  x 1 − h ) 2 +    (  y 1 − k ) 2 =  r 2


   ( 𝒉 , 𝒌 )   → 𝒄 𝒆 𝒏 𝒕 𝒆 𝒓   𝒐 𝒇   𝒄 𝒊 𝒓 𝒄 𝒍 𝒆


   (  𝒙 𝟏 ,  𝒚 𝟏 )   → 𝒑 𝒐 𝒊 𝒏 𝒕   𝒐 𝒏   𝒄 𝒊 𝒓 𝒄 𝒖 𝒎 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆


  𝒓 =     (  𝒙 𝟏 − 𝒉 ) 𝟐 +    (  𝒚 𝟏 − 𝒌 ) 𝟐


     (  x 2 −  x 1 ) 2 +    (  y 2 −  y 1 ) 2 =  r 2


  w h e r e :


   (  𝒙 𝟏 ,  𝒚 𝟏 )   → 𝒄 𝒆 𝒏 𝒕 𝒆 𝒓   𝒐 𝒇   𝒄 𝒊 𝒓 𝒄 𝒍 𝒆


   (  𝒙 𝟐 ,  𝒚 𝟐 )   → 𝒑 𝒐 𝒊 𝒏 𝒕   𝒐 𝒏   𝒕 𝒉 𝒆   𝒄 𝒊 𝒓 𝒄 𝒖 𝒎 𝒇 𝒆 𝒓 𝒆 𝒏 𝒄 𝒆


  r   → r a d i u s  


  𝒐 𝒓  


  𝒓 =     (  𝒙 𝟐 −  𝒙 𝟏 ) 𝟐 +    (  𝒚 𝟐 −  𝒚 𝟏 ) 𝟐


  𝑪 𝒊 𝒓 𝒄 𝒍 𝒆   𝑭 𝒐 𝒓 𝒎 𝒖 𝒍 𝒂 :


  A p p l y i n g   P y t h a g o r e a n   T h e o r e m

